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Local Cohomology and Matlis duality 



Introduction 

In algebraic geometry, a (set-theoretic) complete intersection is a variety Y (say, in affine or projective 
space over a field) that can be cut out be codim(F) many equations. For example, every curve in affine 
n-space over a field of positive characteristic is a set-theoretic complete intersection (see [CN]). On the other 
hand, many questions on complete intersections are still open: Is every closed point in Pq (projective 2-space 
over Q, the rationals) a set-theoretic complete intersection? Is every irreducible curve in (affine 3-space 
over C, the complex numbers) a set-theoretic complete intersection? See [Ly2] for a survey on these and 
other questions. 

Here is another example: Over an algebraically closed field k, let d Q P| be the curve parameterized 

by 

{u d : u^v : uv 4 ' 1 : v d ) 

(for (u : d) € P^)- Hartshorne has shown (see [Ha2, Theorem.*]) that, in positive characteristic, every curve 
Cd is a set-theoretic complete intersection. In characteristic zero, the question is open. It is even unknown 
if C4 is a set-theoretic complete intersection or not. An obvious obstruction for C4 to be a set-theoretic 
complete intersection would be H? (R) 7^ (I C R = k[X , Xi,X 2 , X 3 ] the vanishing ideal of C4 C P|), but, 
as is well-known, one has 

H?(fl) = . 

Thus, if we define the so-called arithmetic rank of /, 

ara(J) := min{Z e N|3n, . . . , n E R : V7 = y/(n, . . . , n)R} , 

it seems that (non-) vanishing of the modules H\(R) does not carry enough information to determine ara(7) 
(because our example 5.1 shows that this can really happen in the sense that cd(I) < ara(7), where cd is 
the (local) cohomological dimension of I). 

It is interesting that, although the vanishing of H/ (R) does not seem to help in the case of C4, the Matlis 
dual D(nj(R)) (note that D will stand for the Matlis dual functor, also see the end of this introduction for 
more notation) of the module llj(R) "knows" whether we have a set-theoretic complete intersection or not, 
in the following sense (take h = 2): 

(1.1.4 Corollary) 

Let (R, m) be a noctherian local ring, / a proper ideal of R, h <E N and / = /1, . . . , fh € J an i?-regular 
sequence. The following statements are equivalent: 

(i) fR = \/T, i. e. I is - up to radical - the set-theoretic complete intersection ideal fR; in particular, it 
is a set-theoretic complete intersection ideal itself. 

(ii) Hj(-R) — for every I > h and the sequence / is quasi-regular on D(~Hj(R)). 

(iii) H/(-R) = for every I > h and the sequence / is regular on £)(H/(-R)). 

This result gives motivation to study modules of the form D(B l I (R)), in particular its associated primes 
(as they determine which elements operate injectively on D('H l I (R))). Modules of the form D(H/(i?)) and 
their associated prime ideals have been studied in [H2], [H3], [H4], [H5], [HS1] and [HS2]. 
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Main results 



In the sequel we will list the main results of this work. In this context we would like to remark that conjecture 
(*) (1.2.2) is a central theme of this work. We also remark that many of the results listed below (e. g. (1.2.1), 
(2.7) (i), (3.1.3) (ii) and (iii), (3.2.7), (4.1.2), but also (8.2.6) (hi) {()) give evidence for it, though we are 
not able to prove conjecture (*). 

We also note that the results in this work lead to various applications. These applications are collected in 
section 6, they are not listed here. 

(1.2.1 Remark) 

Let (i?, m) be a nocthcrian local ring and x = Xi,...,Xh a sequence in R. Then one has 
A SSR (D(Rl Xi _ Xh)R (R))) C {p e Spec(R)\R h {xi _ Xh)R (R/p) ? 0} . 

Though easy, remark 1.2.1 is crucial for many proofs in this work; it seems reasonable to conjecture: 
(1.2.2 Conjecture) 

If (ii,m) is a noetherian local ring, h > and x\, . . . ,Xh are elements of R, 

(*) ^ SR (D(Rit Xi _ Xh)R (R))) = {pe Spec(R)\R h {xi _ Xh)R (R/p) + 0} . 

Besides remark 1.2.1, there is more evidence for conjecture (*), e. g.: 

(3.1.3 Theorem, statements (ii) and (iii)) 

Let (R, m) be a noetherian local ring, x = x\,..., x m a sequence in R and M a finitely generated R- module. 
Then 

{p G Supp i j(M)|a;i, . . . ,x m is part of a system of parameters of R/p} C Ass R (D(HV^ i ^ ... iXm ) R {M))) 

holds. Now, if we assume furthermore that R is a domain and x is part of a system of parameters of R, 
we have {0} e Ass R (D := D(H!J^(i?))). Therefore, it is natural to ask for the zeroth Bass number of D 
with respect to the zero ideal. We will see that, in general, this number is not finite (theorem 7.3.2). In the 
special case m = 1 we can completely compute the associated prime ideals: Namely, for every x e R, one 
has 

Ass R (D(Rl R (R))) - S P cc(i?) \ V{x) 
(V(x) is the set of all prime ideals of R containing x). In particular, the set 

Ass R (D(R^ Xi _ Xm)R (R))) 

is, in general, infinite. Here is further evidence for conjecture (*): 

(3.2.7 Theorem) 

Let (R, m) be a d-dimensional local complete ring and J C R an ideal such that dim(i?/J) = 1 and 
Rj(R) = 0. Then 

Ass fl (L>(H^ 1 (i?)) = {Pe Spec(i?)| dim(i?/P) = d- l,dim(i?/(P + J)) = 0} U Assh(i?) 
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holds. Here Assh(i?) denotes the set of all associated prime ideals of R of highest dimension. Further evidence 
for (*) can be found in section 8.2 in connection with attached primes (see 8.2.6 (iii) (() for details). 
We continue our list of main results on Matlis duals of local cohomology modules: 

(4.1.2 Theorem) 

Let (R, m) be a noetherian local complete ring with coefficient field k C R, I e N + and xi,...,xi e R 
a part of a system of parameters of R. Set I := (x\, . . . , xi)R. Let xi + \ , . . . , xj e R be such that 
xi, . . . ,Xd is a system of parameters of R. Denote by Ro the (regular) subring k[[xi, . . . , Xd\] of R. Then if 
AsSi} (D(H( a , i K! )_r (^o))) is stable under generalization, Ass_r(-D(H/(-R))) is also stable under generaliza- 
tion. 

(A set X of prime ideals of a ring is stable under generalization, if p e X implies po € X for every po C p.) 
Clearly, 4.1.2 can be helpful when we want to reduce from a general (complete) to a regular (complete) case. 

The next result shows that the question when Hj im ^ _1 (-R) is zero (for an ideal I in a local regular 
ring R) is related to the question which prime ideals are associated to the Matlis dual of a certain local 
cohomology module: 

(4.3.1 Corollary) 

Let i?o be a noetherian local complete equicharacteristic ring, let dim(i?o) = n — 1, k C R a coefficient field 
of i?o- Let xi, . . . ,x n be elements of Ro such that \J {x\, . . . , x n )Ro = mo- Set Iq := (xi, . . . , x n -2)Ro- Let 
R := k[[Xi, . . . , X n ]] be a power series algebra over k in the variables X\, . . . , X n , I := (X\, . . . , A„_ 2 )i?. 
Then the /c-algebra homomorphism R — > i?o determined by i— » a;, (i = 1, . . . n) induces a module- finite 
ring map t : R/fR — » i?o for some prime element / e i?. Furthermore, suppose that i? is regular and 
height(To) < ft; then we have 

fR e Aas B (£)(H?(i2))) H?" 2 (i?o) ^ . 

In this case, /i? is a maximal element of AsSfl(i3(H/(i?))). By [HL, Theorem 2.9] the latter holds if and only 
if dim(i?o/A)) > 2 and Spec(i?o/^o-Ro) \ {Tno(-Ro/-^o-Ro)} is connected, where Ro is defined as the completion 
of the strict hcnsclization of Rq; this means that Ro is obtained from Ro by replacing the coefficient field k 
by its separable closure in any fixed algebraic closure of k. 

It was shown in [Lyl, Example 2.1. (iv)] that every local cohomology module H)(R) has a natural 
D-module structure, where 

D := D(R, k) C End k (R) 

is the subring generated by all fc-linear derivations (from R to R) and the multiplications by elements of R 
(here k C i? is any subring). We show in section 7.2 that, at least if R = . . . , X„]] is a formal power 

series ring over k, the Matlis dual 

£>(Hj(i2)) 

has a canonical D-module structure, too (for every ideal / C _R); furthermore, we will see that, with respect 
to this D-module structure, D(K](R)) is not finitely generated, in general; in particular, it is not holonomic 
(see [Bj, in particular sections 1 and 3] for the notion of holonomic D- modules). 
We will use the D-module structure on D(~R}(R)) to show 
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(7.4.1 and 7.4.2 Theorems (special cases)) 

Let (R, m) be a noetherian local complete regular ring of equicharacteristic zero, / C R an ideal of height 
h > 1 such that H/(-R) = for every I > h, and x = x\,...,Xh an i?-regular sequence in /; then, in general, 

H?(£>(H?(i2))) 

is either Efl(i?/ m ) or zero; if we assume 

I = (xi, . . .,x h )R 

in addition, we have 

H?(I>(H?(i2))) = E R {R/m) . 

Further main results of this work are contained in section 6, in which we collect various applications of 
our theory, namely new proofs for Hartshorne-Lichtcnbaum vanishing (6.1), a generalization of an example of 
a non-artinian but zero-dimensional local cohomology module (the original example, which is more special, 
is from Hartshorne) (6.2), a new necessary condition for an ideal to be a set-theoretic complete intersection 
ideal (6.3) and a generalization of local duality (6.4). 

Notation 

If I is an ideal of a ring R and M is an R- module, we denote by H/(M) the i-th local cohomology 
of M supported in /; material on local cohomology can e. g. be found in [BH], [BS], [Gr] and [Hu]. If 
(R, m) is a noetherian local ring, 'E R (R/m) stands for any (fixed) i?-injective hull of the i?-module R/m; see, 
for example, [BH] and [Ms] for more on injective modules. Finally, D is the Matlis dual functor from the 
category of i?-modules to itself, i. e. 

D{M) :=-Rom R {M,E R (R/m)) 

for every R- module M. The term "Matlis dual of M" will always stand for D(M) (and therefore, will only 
be used over a local ring (R,m)). Sometimes we will write Dr instead of D to avoid misunderstandings. 
References for general facts from commutative algebra are [Ei] , [Ma] . 

Acknowledgement 
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1 Motivation and General Results 



1.1 Motivation 

Let I be an ideal of a noetherian ring R. 

ara(J) := min{/ e N|3xi, . . . ,x t <E I : V7 = \J (x\, . . . , xi)R} 

denotes the arithmetic rank of I. Geometrically, it is the (minimal) number of equations needed to cut out 
a given algebraic set (say, in an affine space). It is well-known (and follows by using Cech-cohomology) that 
one has 

Hj(J?) = (I > ara(J)) . 

But, conversely, it is in general not true that ara(7) is determined by these vanishing conditions, see Example 
5.1 for a counterexample. Assume that I is generated up to radical by a regular sequence / = fi,---,fh 
in R. Then / is also a regular sequence on D(n'}(R)) (this follows from theorem 1.1.2 resp. corollary 1.1.4 
below, see definition 1.1.1 below for a definition of regular sequences in this context). It is an interesting 
fact that the reversed statement also holds: If / is a D(Hj (i?))-regular sequence then 

holds. This fact is one of the main motivations for the study of Maths duals of local cohomology modules 
(see theorem 1.1.3 resp. corollary 1.1.4 for details and the precise statement). 

1.1.1 Definition 

Let R be a ring, M an R- module, h £ N and / = fi, - ■ ■ ,fh a sequence of elements of R. f is called a 
quasi-regular sequence on M if multiplication by fi is injective on Mj (/i, . . . , /j_i)M for every i = 1, . . . , h. 
f is called a regular sequence on M if / is quasi-regular on M and M/fM ^ holds, in addition. 

Before we show the statements on regular sequences mentioned in the introduction of this section (corollary 
1.1.4), wc prove something slightly more general (namely theorems 1.1.2 and 1.1.3); corollary 1.1.4 then 
simply combines the most interesting special cases from these two theorems. 

1.1.2 Theorem 

Let (R, m) be a noetherian local ring, I an ideal of i?, h > 1 and / = /i, ...,//»€/ a sequence of elements 
such that y/fR = Vl and 

H^-'OR/Cfi, . . . , fi)R) = (l = 0,...,h-3) 

hold (of course, for h < 2, this condition is void). Then / is a quasi-regular sequence on D(H/(-R)). 
Proof: 

By induction on h: h = 1: the functor h} is right-exact because Hj = Hj lfl = 0. Hence the exact sequence 

R^R^ R/fiR -» 
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induces an exact sequence 

R](R) ^ H}(i?) - R)(R/fiR) = K) lR (R/hR) = 

(here /i stands for multiplication by /i on R resp. H}(-R))- Application of D to the last sequence yields 
injectivity of /i on D{YL\{R)). 

h = 2: We have ^{R/ fiR) = H? /li/2)i j(-R//i-R) = This implies both Hj(^) = for every I > 2 and every 
R/fiR- module M and the fact that /i operates injectively on D(nj(R)). Now the exact sequence 

0^(0: R fi)^R^fiR^0 

(where a is induced by multiplication by /i) induces an exact sequence 

H?((0 : R fx)) -+ H?(i?) H ^°° Rj(hR) - . 

But (0 :r fiR) is an i?//ii?-module and so Hj((0 :r f\R)) — 0, showing that Hj(a) is an isomorphism. On 
the other hand the exact sequence 

-» 4 R -» -» 

(where /3 is an inclusion map) induces an exact sequence 

Rj(R/hR) - H?(/i#) Hf(-R) - , 
which shows the existence of a natural epimorphism 

BjiR/hR) - ker(H?(/?)) 

^ker(H?(/3)°Hj(a)) 
= kcr(H?(/3oa)) 
= kcr(/ 1 ) , 

where /i denotes multiplication by fi on H/(i?)- This means that we have a surjection 

M){R/hR) - Hom fl (i2//ifl,H?(i2)) 

and hence an injection 

£>(H?(fl))//iD(H?(fl)) = D(Hom iJ (J?// 1 i?, Hj(-R))) - D{n)[R/hR)) • 

Note that the first equality follows formally from the exactness of D; note also that it does not make any 
difference if one takes the last Matlis dual with respect to R or R/fiR. For this reason the case h = 1 shows 
that f 2 operates injectively on D(B 1 I (R/ fiR)) and thus also on D(Hj(R))/fiD(uj(R)). 
Now we consider the general case h > 3: Similar to the case h — 2 we see that H/(M) = for every I > h 
and every R/fiR- module M and that /i operates injectively on D(H/(i?)). The short exact sequence 

-» (0 /i) -^R^frR^O 

(where, again, a is induced by multiplication by /i on R) induces an exact sequence 

H?((0 : fl /i)) - H?(i?) H ^ Q) H ?(/ii?) - . 
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But (0 :r fi) is an i?//ii?-module and therefore H/((0 :r /i)) = 0, showing that Hj(a) is an isomorphism. 
On the other hand the short exact sequence 

-» hR R^ R/fiR -» 

(where /3 is an inclusion map) induces an exact sequence 

= H/ -1 (-R) - B I }~ 1 (R/ fiR) - H?(/ii2) ^ H?(i?) - 
(here we use the fact that ft > 3 and therefore Hj _1 (-R) = 0). We conclude 

n)-\R/hR) = ker(H?(/3)) ~ ker(H?(/3) o H?(a)) = Hom^R/hR, H?(i2)) 
and, by Matlis duality, 

D(B.j~ 1 (R/ fiR)) = D(Uom R (R/f 1 R,R'}(R))) = D(H?(i2))//i£>(H?(ii)) . 

Because of our hypothesis, we can apply the induction hypothesis (to the ring R/f\R) which says that 
f2,...,fh is a quasi-regular sequence on D(H/ _1 (-R//i-R)); thus, by the last formula, / is a quasi-regular 
sequence on D(H/(i?))- 

1.1.3 Theorem 

Let I be an ideal of a noetherian local ring (R, m), h> 1 and fi,. ■ . ,fh € J be such that 

Hi(iJ)=0 (/>/i) 

and 

H/ _1_i (-R/(/i, • • • , = (Z = 0,...,/ l -2) 

hold (of course, for ft < 2, this condition is void) and such that the sequence / = /i, ...,//, is quasi-regular 

on D(H?(i2)). Then \/7 = y/(fi, ■ ■ ■ , fh)R holds. 

Proof: 

By induction on ft: ft = 1: By our hypothesis, the functor Hj is right-exact. Therefore the exact sequence 

R^R^ R/fiR -» 

induces an exact sequence 

H}(i?) ^> R}(R) -» H}(i2//ifl) - , 

where /i stands for multiplication by /i on i? resp. on n](R). But multiplication by /i is injective on 
D(n}(R)) and so we get ~H_](R/ f\R) = 0; by our hypothesis, we have K l j(R/ fiR) = for every I > 1. It is 
well-known that the latter condition is equivalent to H/(-R/p) = for every I > 1 and every prime ideal p of 

V(hR) := {p e Spec(Ji)|/ii2 C p} . 

Thus, we must have / C \fJ\R and, therefore, \/T = \fJ\R. 

h > 2: Similar to the case ft = 1 we see that H/(-R/ fiR) = holds. By our hypothesis, we get H/(M) = 
for every I > /i and every i?//ii?-module M. The short exact sequence 

- (0 : fl /i) ^R^hR^Q 
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induces an exact sequence 

H?((0 : R /i)) - H?(i?) ^ H?(/ii?) - . 

But H/((0 :_r /i)) = 0, because (0 :r /i) is an i?//i_R-modulc. Thus Rj(a) is an isomorphism. Now the 
short exact sequence 

-» ^ i? -» J2//1J2 -» 
(where /3 is an inclusion map) induces an exact sequence 

= Hj _1 (-R) - ifi-HR/fiR) - H?(/ifl) H ^ H?(i2) - , 

from which we conclude 

K h r\R/hR) = ker(H?(/3)) = ker(H?(/?) o H?(a)) = Hom R (R/ frR, H?(i?)) . 

Here we used the facts the H/(a) is an isomorphism and that f3o a is multiplication by f\ on i?. Application 
of the functor D shows 

D{Rj~ 1 (R/ fiR)) - D(R'}(Rj)/f 1 D(R'}(Rj) . 

Note that, again, it is irrelevant whether we take the first functor D here with respect to R or with respect 
to R/fiR and so our induction hypothesis (applied to R/fiR) implies that f2, ■ ■ ■ , fh is a quasi-regular 
sequence on 

£>(Hj -1 (R/fiR)) and that 

^I(R/f 1 R) = ^/(f 2 ,...,f h )-(R/fiR) 
holds. The statement \[l = y/(fi,.-., fh)R follows. 
Now it is easy to specialize to the following statement: 
1.1.4 Corollary 

Let (R, m) be a noctherian local ring, / a proper ideal of R, h € N and / = /i, . . . , fh € J an i?-regular 
sequence. The following statements are equivalent: 

(i) v?i? = vT. 

(ii) Hj(-R) = for every I > h and the sequence / is quasi-regular on D(Rj(R)). 

(iii) H/(-R) = for every I > h and the sequence / is regular on D(H f }(R)). 
(The case h = means 

VI = V0 Hj(i?) = for every I > 

Hj(i?) = for every I > and T/(i?) ^ ). 

Proof: 

h = 0: Clearly the condition \/7 = V0 implies Hj(-R) = for every Z > 0. On the other hand, if we have 
H/(-R) = for every I > 0, then, by a well-known theorem, one also has H/(-R/p) = for every prime ideal p 
of R and for every I > 0; thus I C p for every prime ideal p of i?. But then it is also true that Tj(R) = R ^ 
holds. 

h > 1 : The fact that (i) and (ii) are equivalent follows from theorems 1.1.2 and 1.1.3. Thus we only have to 
show that (i) implies 

D(R I }(R))/(f 1 ,...,f h )D(R'}(R)))^0 : 
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But, by general Matlis duality theory, the last module is 



D(Kom R (R/(f 1 ,...,f h )R,K*(R))) ; 

furthermore, every element of H/(-R) is annihilated by a power of I and so it suffices to show Hj(-R) 7^ 0, 
which is clear, because / is generated up to radical by the regular sequence /1, . . . , //,. 



1.2 Conjecture (*) on the structure of Assr(D(JI^ xi Xh ) R (R))) 

Now, we present an easy property of associated primes of Matlis duals of certain local cohomology modules; 
this property will naturally lead us to a conjecture on the structure of the set of associated prime ideals of 
such modules. 

1.2.1 Remark 

Let (R, m) be a noetherian local ring, M an R- module, h <G N and / C R an ideal such that H/(M) = 
holds for every I > h and suppose that we have 

p e A SSJJ (£>(H?(M))) : 

This condition clearly implies Ann^M) C p (because Ann^(M) is contained in the annihilator of every 
element of D(Ej(M))) and 

0^Hom fl (i2/p,.D(H?(M))) 
= D(H?(M) ® R (R/p)) 
= D(H/(M/pM)) , 

i. e. H/(M/pM) ^ 0. In particular dim(Supp^(M/pM)) > h. 
As a special case we get the implication 

p e Asa R (D{^ Xu ... iXh)R {R))) => dim(J2/p) > h 

for every sequence x\, . . . , Xh € R. 
Furthermore, as we have seen, 

Ass R (D(K<t Xi _ Xh)R (R))) C {p e S P cc( J R)| Hf Xli ... iIh)fl (i2/p) ^ 0} 

holds for every sequence x\, . . . , Xh € R. 

1.2.2 Conjecture 

If (i?,m) is a noetherian local ring, h > and xi, . . . , a;/, are elements of i?, 

(*) Assij(Z>(H^ Xli ... ;X)i ) i j(-R))) = {p G S P ec( J R)| K h (xi _ Xh)R {R/p) + 0} 

holds. We denote this conjecture by (*). It is one of the central themes of this work. The next theorem 1.2.3 
presents some equivalent characterizations of conjecture (*); one of them is stableness under generalization 
of the set of associated primes of the Matlis dual of the local cohomology module in question (condition (ii) 
from theorem 1.2.3). The theorem also shows (condition (iv)) that (*) is actually equivalent to a similar 
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statement, where R is replaced by a finite i?-module M, i. e. if (*) holds, a version of (*) also holds for 
finite i?-modules. 

1.2.3 Theorem 

The following statements are equivalent: 

(i) Conjecture (*) holds, i. c. for every noetherian local ring (R, m), every h > and every sequence 
x\, . . . ,Xh of elements of R the equality 

^s R (D(R[ Xi _ Xh)R (R))) = {p e Spec(R)\ H$ Xlt ... iXh)R (R/p) ? 0} 

holds. 

(ii) For every noetherian local ring (R, m), every h > and every sequence x\, . . . ,Xh of elements of R the 
set 

y^Ass^H^,...,^))) 
is stable under generalization, i. e. the implication 

p ,Pi e Spcc(i?),p c p!,p! e Y po e Y 

holds. 

(iii) For every noetherian local domain (R, m), every h > and every sequence x\,...,Xh of elements of R 
the implication 

H^,...^)^) * => {0} e Ass R (D(Rl Xi _ Xh)R (R))) 

holds. 

(iv) For every noetherian local ring (R, m), every finitely generated R- module M, every h > and every 
sequence xi, . . . , xu of elements of R the equality 

(1) Ass^a^...^)^))) = {p e Su PPr (M)\ K h (xu ... iXh)R {M/pM) ? 0} 

holds. 
Proof: 

First wc show that (i) - (iii) are equivalent, (i) =^> (ii): In the given situation we have 

Rom R (R/p u D(R h {xi _ Xh)R (R)))^0 ; 

this implies 

0^Rom R (R/p ,D(K<( Xi _ Xh)R (R))) 
= Kom R (K h {xi ^ Xh)R (R) ® R (R/p ), E R (R/m)) 
= D(u'U.., Xh)R (R/Po)) • 
Thus conjecture (*) implies that po is associated to D(H^ xi Xh ) R (R))- 

(ii) => (iii): We assume that n\ Xl ,... iXh)R (R) ^ 0. This implies D(U^ xi ^ Xh)R (R)) ^ and hence 
Ass fl (D(Hf Ili ... iXJi)fl (i2))) ? 0; now (ii) shows {0} e Ass R (D(R^ Xh)R (R))i' 
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(iii) =^> (i): Wc have seen above that the inclusion C holds; we take a prime ideal p of R such that 
Hfxi x h ) R (R/P) 7^ and we have to show p G Assr(D(R i '/ Xi Xh ) R {R)))- Wc apply (iii) to the domain R/p 
and get an i?-linear injection 

R/P ^ D(rf Xl _ Xh)Wp) (R/p)) 

= Hom fl (Hf Xl> ..., Xft)fl (i?/p), E R (R/m)) 

= ttom R (K h {xi ^ Xh)R (R) ® R R/p, E R (R/p)) 

= UomR(R/p,D(Rl i _ Xh)R (R))) 

c D(n>[ xi _ Xh)R (R)) . 

Note that we used H| Xl Xh )(R/p)( R /P) = ^\x 1 ,....x h )R < y R IP) and the fact that Hom fl (.R/p, E R (R/m)) is an 
i?/p-injective hull of R/m. 

Now it is clearly sufficient to show that (i) implies (iv): C: Every element p of the left-hand side of identity 
(1) must contain Awa R (M) and hence is an element of Supp fl (M); furthermore it satisfies 

0^Hom fl (i2/p,D(Hf Xli ..., Ih)fl (M))) 
= Rom R (R/p ® R rf Xu ... iXh)R {M), E R (R/m)) 
= D(Ui Xu ..., Xh )n(M/pM)) • 

D: Let p be an element of the support of M such that Xh - )R (M/pM) is not zero. We set R := 

R/ Annij(M), M is an i?-module. p 3 Ann^(M), we set p := p/ Aim R (M). Clearly our hypothesis implies 
that h' 1 . -b(R) ^ 0. We apply (i) to R and deduce 

\X\ .... ,Xfa ) rt 

P ^ A ^ D Ku..,x h ^ ■ 

Hence there is an i?-linear injection 

0^R/p = R/p^D(R h {xi Xh) -(R)) , 
which induces an i?-linear injection 

- Rom R (M,R/p) - Hom fl (M,£>(H l (xii _ Xh)R (R))) 
= Kom R (M,D(Kl J.^fS))) 

= D(u{ l x 1 ,...,x h)R (M)) • 

Note that for the second equality we have used Horn- Tensor adjointness and for the last equality the facts 
that M is an i?-module and that Rom R (R, ER,(R/m)) is an i?-injective hull of R/m; It is sufficient to show 
p G Ass^(Hom^(M, -R/p)); but M is finite and so we have 

(Hom fl (M, R/p)) p = Rom Rp (M p ,R p /pR p ) ^ , 

which shows that pR p is associated to the i? p -module (Rom R (M, R/p)) p . Thus p G Ass#(Homfl;(M, i?/p)). 

1.2.4 Remark 

In [HS1, section 0, conjecture (+)] more was conjectured, namely: 
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If (R, m) is a noetherian local ring, h > 1 and x\, . . . , Xh is a sequence of elements of R, then all prime ideals 
p maximal in AsSij(D(H^ Xl Xh )ii(R))) nave the same dimension, namely dim(i?/p) = h. 
This conjecture is false, here is a counterexample: 

Let Q denote the rationals and R = Q[[Xl, X 2l X 3 , X 4l X 5 }] a power series algebra over Q in the variables 
Xi, . . . , X 5 . Set h — 3 and X\ = X\, x 2 = X 2 , x 3 = X 3 . Then 

p := -X 2 Xl + X 3 X 4 X 5 - XxXl + ±X X X 2 - X\ e R 

is a prime element of R; in fact, pR is a maximal element of Ass_r(D(h'' 2 , i X2 X3 )ij(-R))) 5 but dim(R/ fR) = 
4^3. These statements will be proved in remark 4.3.2 (ii), here we explain where / comes from: 
We define a ring 

S ■= Q[[yi,y2,y3,y4\ 

and a module-finite Q-algcbra homomorphism 

f:R^S 

such that 

f(Xi) = ym, f(X 2 ) = y 2 y 4 , f(X 3 ) = y x y A + y 2 y 4 , f(X 4 ) = y 1 + y 3 , f(X 5 ) = y 2 + y 4 ) ■ 

As we will see in remark 4.3.2 (ii), pR is the kernel of /; the crucial point here is that the radical of the 
extension ideal of (x\,x 2 ,x 3 )R in i? is 

lo = {yi,V2)Ro n (y 3 ,y 4 )Ro 

and Hf (Rq) 7^ 0, although I has height two (again, see section 4.3 and, in particular, remark 4.3.2 (ii) for 
details). 

1.3 Regular sequences on D(H/(-R)) are well-behaved in some sense 

Obviously we are dealing here with the notion of regular sequences on modules which are, in general, not 
finitely generated. Such regular sequences do not have all the good properties of regular sequences on finite 
modules. However, in our situation, some kind of well-behavior holds, here is the idea (see theorem 1.3.1 
below for the precise statement): For finite modules, the following is well-known: If (R, m) is a noetherian 
local ring, M a finite R- module and r\, . . . , Th € R an M- regular sequence then r[, . . . , r' h <E R is also an ir- 
regular sequence provided y 7 (r[, . . . , r' h )R = \/(ri 7 . . . , rh)R holds (because R is local). In our case, if (R, m) 
is a noetherian local ring and I C R an ideal of R such that Hj(-R) 7^ I = h holds, it is clear that if an 

i?-regular sequence n, . . . ,rn G / is a D(Kj (i?))-regular sequence then an i?-regular-sequence r[, . . . ,r' h £ I 
is also D(H/(-R))-regular if y/(r[, . . . , r' h )R = (n, . . . , Th)R holds (simply because of ^ (r[, . . . , r' h )R = \fl 
and corollary 1.1.4). But a more sophisticated statement is also true: 

1.3.1 Theorem 

Let (R, m) be a noetherian local ring, h > 1 and I C R an ideal such that H/(i?) 7^ I = h holds. 

Furthermore, let 1 < b! < h and let n, . . . , e / be an i?-regular sequence that is also £>(Hj(-R))-regular. 
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Furthermore, let r[, . . . , r' h , G I he such that y/(r[,..., r' h ,)R = ^/ (n, . . . , ry)R holds. Then r[, . . . , r' h , 
is a D(H/(i?))-regular sequence. In particular, any permutation of n, . . . , rv is again a D(Hj (i?))-regular 
sequence. 
Proof: 

i? is local, and thus it is clear that r[, . . . , r' h , is an i?-regular sequence. By induction on s £ {1, . . . , h'} we 
show two statements: 

B l I {R/{r 1 ,...,r s )R) ^0 <^=> l = h-s 

and 

D(Hj~ s (R/(n, r s )R)) = D^miiri, . ■ ■ , r s )D(Rj(R)) : 
s = 1: The short exact sequence 

-» ^ -» R/nR -» 

induces a short exact sequence 

- H? _1 0R/rifl) - H?(i?) A H?(i2) -> 

and we conclude, therefore, that 

U^R/nR) ^ l = h-l 

holds. Now, the statement 

DQfi-^R/nR)) = D(H?(i2))/riD(H?(fl)) 

follows from the exactness of D. 
s > 1: The short exact sequence 

- i2/(n, . . . , r s ^)R ^ R/(r u . . . , r a _i)i2 - R/(r l7 . . . , r s )i? - 

induces, by our induction hypothesis, an exact sequence 

-> Yi h r{R/{r u . . . , r a )i2) - H?- (a_1) (i2/(ri, . . . , r a _i)ii) ^> Hj~^ s_1 ^(i?/(ri, . . . , r a _i)ii) . 

By induction hypothesis, 

D(Hj~' s_1 ^(fi/(ri, . . . ,r a -i)R)) = D(Rj(R))/(ri, r^D^R)) 

and so, by assumption, r s operates surjectively on Hj~^ s_1 ^(-R/(r"i, . . . , r s -\)R) and we get 

R l j(R/(r u ...,r s )R)^0 ^ l = r-s 

and 

D(R>}- s (R/(r u . . . , r a )i2)) = D(B.^~ ( - s ~ 1 \r/ (n, . . . , r s _ 1 )i?))/r SJ D(H?- ( ^ 1) ( J R/(r 1 , . . . , r s ^)R)) 

= D(R>}(R))/(r 1 ,...,r s )D(K>}(R)) . 

In particular for s = h' we have 
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Note that, because of 

depth(7, R/(n,.. . ,r h >)R) = depth(7,77) - ti = depth(7, R/(r[, . . . , r' h ,)R) 

and 

Supp fl (iJ/(ri, . . . , r h .)R) = Supp R (R/(r[, . . . , r' h ,)R 

this implies 

(1) B l I (R/(r' 1 ,...,r' h ,)R)^0 l = h-ti 

(the depth-argument shows vanishing for I < h — hi and the Supp-argumcnt shows that h— h! is the largest 
number such that H/(77/(ri, . . . , r' h ,)R) ^ 0). Now, by descending induction on s e {0, . . . , h' — 1}, we will 
prove the following three statements: 

r s+i operates surjectively on Bj~ s (R/(r[, . . . , r' s )R) , 

U h r l (R/(r[,...,r' s )R)^0 l = s 

and 

m W) {R/{r ^ . . . , r > s+i)R)) = D(H. l }~ s (R/(r[, r' s )R))/r> s+l D{K h r s {R/{r[, r' s )R)) : 
s = /i' — 1: We consider the long exact resequence belonging to the short exact sequence 

-> R/(r[, . . .y h ,_ x )R R/(r[, r'^R -> R/(r[, . . . ,r' h ,)R -> : 

Then, the subjectivity of r' h , on Hj ~^ (R/(r[, . . . , rj l ,_ 1 )i?) follows from (1) and the other statements 
from the fact that for I ^ h — (h' — 1) we have injectivity of r' h , on H/(77/ (r[, . . . , rJ l ,_ 1 )_R), hence 

U l I (R/(r' 1 ,...,r' h ,_ 1 )R)=0 

as r' h , e 7. 

s < /i' — 1: We consider the long exact resequence belonging to the short exact sequence 
- R/(r[, r' s )R ^ R/( r [, r' s )R - fl/(ri, . . . , r^ +1 )77 - : 

Then, our induction hypothesis shows that multiplication by r' s+1 is surjective on H/ _s (77/ (r[, . . . , r' s )). Like 
before, the two other statements follow from the fact that, for I ^ h — s, multiplication by r' s+1 is injective 
on H/~'(77/(r' 1 , . . . , r' s )) and so H/ _i (77/(r' 1 , . . . , r' s )) is trivial. It is clear that these three statements prove 
the theorem (in fact, the first and the third statement are sufficient here, the second is used for technical 
reasons). 

1.4 Comparison of two Matlis Duals 

For a noetherian local ring (77, m), the Matlis dual functor clearly depends on 77. In this section we will have 
a local subring 77o of 77. Given any local cohomology module over 77, we will take its Matlis dual both with 
respect to 77 and with respect to 77q; both are 77-modulcs in a natural way. Among other results, in this 
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section we will see that, under certain assumptions, these two Matlis duals have the same set of associated 
prime ideals (over R, see 1.4.3 (ii)). 

Let (R, m) be a noetherian local equicharacteristic complete ring with coefficient field k and let j/i, . . . ,y» 
be a sequence in R such that Rq := k[[yi, . . . , ?/,]] is regular and of dimension i (this is true, for example, 
if H( yi 7^ holds, as this local cohomology module agrees with H\ yi x ) Ro (Ro) ®r R\ al so notc 

that Rq is, by definition, a subring of R). Let D R denote the Matlis-dual functor with respect to R and D Ro 
the one with respect to Rq. By local duality (see e. g. [BS, section 11] for a reference on local duality), we 
get 

£) «o( H (»i,...,w)fl( i2 )) = Hom flo (i?® flo H| Wli ... iW4)flo (i2o),Eflo(A;)) = Hom flo (fl,fl ) • 

Rom Ro (R, E_r (A;)) is an injective i?-module with non-trivial socle; therefore, there exists an injective R- 
module E' such that 

Hom^ (R, Eij (fc)) = Efl(fc) © £' 
holds. We set E = T {yu ..^ yi)R {E'). We have 

D Ro{^(y u ... m ) R {R)) = }10m Ro(H\y 1 ,...,y i )R (Ro) ®R ^E^(fc)) 

= Kom Ra (R{ yu ..., yi)Ro (R ),Hom Ra (R, Er (fc))) 

= Hom^(i? ® % H| tfli ... iVl)flo (i?o), Ho mi?0 E flo (fc))) 

= Hom R (R\ yi _ yi)R (R),ER(k) ® E') 

= DR(B\ yi _ yt)R (R)) © Hom^H^,...,^^), £') 

- „ R (R)) © Hom iJ (H l (!/li ... ;2/i)il ( J R), 

and hence 

(1) As SR (D Ro (H\ yi _ m)R (R))) = Ass R (D R (Rl yi _ yt)R (R))) U Ass^Hom^H^...^^), E)) . 

It is natural to ask for relations between D R (H^ yi yi ) R (R)) an d D Ro (U^ yi y ^ R (R)); we will establish 
some in the sequel: 

For every p e Z := {p € Spec(i?)|(j/i, . . . , ?/i)-R C p C m} we choose a set /x p such that 

£ = 0Eji(J?/p) ( "'» 

holds. 

1.4.1 Remark 

In the above situation, one has n P ^ for every p g Z. 
Proof: 

We have to show that p is associated to the i?-modulc Hom^ (i?/p, E_R (fc))- The latter module is equal to 
HorriR (i?/p, k), because p is annihilated by J/i,.. (note that k is the socle of Eij (fc))- Thus we have 
to prove the following statement: If (R, m) is a noetherian local equicharacteristic complete domain with 
coefficient field fc, then the zero ideal of R is associated to the i?-module Homfc(i?, k): 
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Let xi, . . . , x n £ R be a system of parameters for R, n := dim(i?). Then Rq := k[[x\, . . . , x n ]] is a regular 
subring of R, over which R is module-finite. One has Homfc(i?, k) = Hom^ (i?, Homfc(i?o, k)) and, therefore, 
it is sufficient to prove {0} £ Ass Ro (Homfc(i? , k)), because in this case, every i? -injection 

Ro -> Hom fc (i? , k) 

induces an i?-injection 

Rom Ro (R,R ) ^Bom k (R,k) 

and {0} £ Supp fi .(Hom^ (i?, Rq)) holds, because R is finite over Rq. Thus we may assume R — k[[x\ , . . . , £„]] 
from now on: 

For i = 1, . . . , n we set Ri := k[[x\, . . . , Xi}]. Again we have 

Hom fe (i?i, k) = Hom iJi _ 1 (i2 i ,Hom fc (.R i _i, fc)) 

for i = 2, . . . , n. Using this and an obvious induction argument, the statement follows from lemma 1.4.2 
below. 

1.4.2 Lemma 

Let A; be a field and let Ro := fc[[-Xi, • • • , X n }], R := k[[Xi, . . . , X n , X]} = R [[X]] be power series rings in 
the variables X±, . . . , X n , X, respectively. Then 

{0}eAss fl (Hom flo (i2,.Ro)) . 

Proof: 

By m we denote the maximal ideal of R . The canonical short exact sequence 

- Ro[X] Ro[[X}} Ro[[X}}/R [X] - 

induces an exact sequence 

-» Rom Ra (Ro[[X]}/R [X},R ) -» Uom Ro (R Q [[X}}, R ) A Ho mjio (flo[X],iJo) . 
The map a is the Matlis dual (in the sense that 

Kom Ro (Kl {Ro[X}) 7 EB {kj) = Rom Ro (Rq [X] ® Ro Bl Q (Ro),E Ro (k)) = Uom Ro (R Q [X} 7 R Q ) 

and 

Rom Ra (Rl (Ro[[X]}),E Ro (k)) = Rom Ro (R [[X]} ® Ra H^ (i?o), E%(fc)) = Hom % (i? [LY]], i? ) 

hold) of the canonical map 

Rl (Ro[X}) = Rl a (Ro) ®r Ro[X] -> H^ (i?o) ® M*]] = H^ (i?o[[X]]) , 

which is obviously injectivc. This means that a is surjective. The i?o[-X"]-rnodule Hom Ro (Ro[X], Ro) can be 
written as i?o[[A -1 ]] and in i? [[A' _1 ]] the element 

ti := l + X- 1 - +X~ 2 ' + ... 
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has i? [^] -annihilates zero (essentially because the sequence of differences 2! — l!, 3! — 2!,... becomes arbitrary 
large). Choose an element h e Homjj (i?o[[X]], Rq) which is mapped to h! by a Then ann^pq (h) = {0} 
which implies ann^x]] (h) = {0}, using a flatness argument. 

1.4.3 Remarks 

Let (i?,m) be a noetherian local ring and j/i, . . . a sequence in R and suppose that conjecture (*) holds. 

(i) For every fixed prime ideal p of R, one has 

A SSR (Rom R (ff {yi _ yi)R (R),E R (R/p))) = {q e Spec(R)\(R\ yi _ yi)R (R/q)) p ± 0} . 

(ii) For every prime ideal p of R, let v p be a set. Then 

Ass^Hom^H^,...,^^), E R (R/p)^)) = [j A SSR (Hom R (n\ yi _ yi)R (R),E R (R/p))) . 

pGSpec(R) v pl t$ 

As a consequence, in the situation of (1) (note that then we had more assumptions: R is complete and 
equicharacteristic and y is such that y -) R (R) 0)i onc has 

Ass R (D Ro (Kl yi _ K)R (R))) = A SSR (D R (B i {yu ... !m)R (R))) . 

Proof: 

(i) For every prime ideal p of R, E R (R/p) = E Rp (R p /pR p ) is naturally an i? p -modulc. This implies 

Hom fl (H l (yi ,... iW)fl (i?),E fl (i?/p)) - Rom Rp (^ yi _ yi)Rp (R P ),E Rp (R P /pR P )) 

and, therefore and because of (*), 

Ass«(Hom ii (H l foli ... ! , s)fl (i?),Efl(i?/p))) = n e Ass Kp (Hom Rf (H^,...,^ (Rp), E Rp (R p /pR p )))} 

= {qeSpec(i?)|H| yi ,...^( J R/q) P ^0} . 

(ii) We have natural inclusions 

Hom i? (H|^...^ )i? (i?),E«(i?/p))^ ) CHom i? (H|^..., yi)fl (i?), E R (R/p)^) 

pSSpec(fl) peSpec(R) 

C J] Hom fl (H l (!/li ... ; , i)ii ( J R),Ei i ( J R/p))^ • 

peSpec(K) 

Every annihilator of a non-trivial element of IIpeSpcc(,R) Homjjf^H^ y ^ R (R), E R (R/p)) I/p is contained in 
some associated prime ideal of some Hom^(H( yi y .-. R (R),E R (R/p)), where v p ^ 0. But the set 

Ass fl (Hom fl (H| W1 ,. . . >Vi)R {R) , E R {R/p) ) ) 

is stable under generalization because of the conjecture (*). Therefore, we get 

Ass^Hom^H^, „ R (R), EH(i?/p) ( ^ ) ))=Ass^( Bom R (B\ Vli ... tVi)R (R),E R (R/p))^) 

peSpec(-R) pGSpec(K) 

= |J A SSR (Rom R (R\ yi _ yi)R (R),E R (R/p))) 
pez 

C A SSR (D R (Rl yi _ yt)R (R))) . 

In particular, in the situation of (1), we have 

^s R {D Ro (B i {yu ... m)R (R))) = Ass R {D R {B i {yu ... m)R (R))) . 
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2 Associated primes a constructive approach 



In this section we will prove results on the set 

where x = Xi,...,Xiis& sequence in a noetherian local ring R. The proofs are based on the fact that, over 
the formal power series ring R = k[[Xi, . . . , X n }] (k a field), the i?-module 

E = k[Xr 1 ,...,X~ 1 } 

is an i?-injective hull of k. The methods in this sections are constructive to some extent, in fact, we 
construct certain elements in fc[Xf , . . . , X~ x ]. For the proofs, we will have to distinguish between the 
equicharacteristic and the mixed-characteristic case. One major result in this section is (theorem 2.4, see 
also theorem 2.5 for the case of mixed characteristic): 

If x = xi, . . . Xi is a sequence in a noetherian local equicharacteristic ring (i?, m) and x is part of a system of 
parameters of R/p for some fixed prime ideal p of R, then one has 

p G Ass R (D(B l {xi _ Xt)R (R))) . 

We will also see that, in general, not all associated primed of D := D(H/ Xl Xi )R(R)) are obtained in this 
way (remark 2.7 (ii)). As a corollary, we are able to completely compute the set Ass R (D) in the case i = 1 
(corollary 2.6): 

Ass fl (D(Hifl(i2))) - S P ec(i?) \ V(x) 

(note that V(x) = {p e Spec(i?)|a; e p}). In particular, this set is infinite (in general). The sections ends 
with remarks on the questions of stableness under generalization of the subsets 

Z, := {p e Spec( J R)| R\ Xl _ Xi)R (R/p) * 0} 

and 

Z2 '■= {p € Spec(i?)|xi, . . . , Xi is part of a system of parameters for R/p} 
of Spcc(i?). Note that we have 

Z 2 C Ass R (D) C Zi 

by theorems 2.4, 2.5 and remark 1.1.2. 

We start with a special case of the result mentioned above: 

2.1 Lemma 

Let k be a field, n > 1, R = k[[Xi, . . . ,X n ]] and i e {1, . . . , n}. We set I := (Xi, . . . ,X t )R and m := 
{X u ...,X n )R. Then 

{0} g Ass fl (D(H}(^))) 

holds. 
Proof: 

1. Case: i = n: 
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Here Hj(-R) = Er(R/vx) und also D(B l I {R)) = R and the statement follows. 
2. Case: i < n: We have 

H}(i?) = lim (R/(X[,...,Xl)R) , 

1EN\{0) 

the transition maps being induced by R — > R, r i— > (Xi ■ . . . • Xi) ■ r. So 

D(H}(fl)) = lim (D(i?/(X{,...,Xi)J?)) ; 

1EN\{0) 

here 

. . . , - Hom^fl/^, . . . , aJ), D(R)) = E R/{x[ _ x i )R (R/m)(C E R (R/m)) , 

the transition maps being induced by E R (R/xn) — > Ei?(i?/tn), e i— » (Xi ■ . . . • Xi) ■ e and we have E R (R/m) = 
^[Xj -1 , . . . , X^ 1 ] (by definition, the last module is the fc-vector space with basis (Xl 1 • . . . • X^ n )j li ... i j n <o and 
with an obvious i?-module structure on it). We define 

a :=(1, X x 1 • . . . • Xj 1 + • . . . • X~ 1! , . . . , X l m ■ . . . ■ X i m + 

+ (x r+ \ ! • . . . • x- u ) ■ { X - {m - x) ..... xr< m -») + ...+ 

+ (x; + { r 1){ ■■■■ X- (m - 1V -) ■ (*f 1 • • • ■ • X7 1 ) + Xr + f- ..... x~ m \ . . .) e D&iR)) . 

Here we consider the projective limit as a subset of a direct product. We state a,nn R (a) = {0}: Assume 
there is an / e ann^(a) \ {0}. We choose (a\, . . . , a n ) £ Supp(/) such that (a\, . . . , ttj) is minimal (using 
the ordering 

(ci, . . . Cj) < (ci, . . . , c-) : ci < c[ A . . . A a < c' t ) 

in 

{(a' 1 ,...,a' i )\3a' i+1 ,...,a' n : (a[,..., a' n ) e Supp(/)} . 

We may assume a\ = max{ai, . . . , a^}. We replace / by X^ i a2 •• . ..X" 1_ai •/; this means a\ = . . . = dj =: a. 
Choose hi, . . . ,hi £ R and g £ k[[X i+ i, . . . , X n ]] \ {0} such that 

/ = X« +1 hi + ... + X?+% + (X? ■ . . . ■ X?) ■ g 

f ■ a = means: For every to we have 

= + . . . + X* +1 h t + {XI ■ . . . ■ Xf) ■ g] • (Xr m Xr m + ... + X^f ..... X- mV ) 

= (Xf+% + ...+ X? +1 hi) • [Xf m Xr m + ... + (XTt™-"- 1 ^ ..... X- {m - a -^-)- 

■ (x- {a+1) ..... x; {a+1) )] + g . {X7 {m - a) ..... X ; (m - a) + ... + x^~ a)l • . . . • x-^-^-) . 

Choose (bi+i, . . . , b n ) minimal in Supp(.g); then for all m >> the following statements must hold: 

(m — a)l — < (to — a — 1)! 

(m — a)\ — b n < (to — a — 1)1 
For m » this leads to a contradiction, the assumption is wrong and the lemma is proven. 
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2.2 Lemma 

Let j) be a prime number, C a complete p-ring, n > 1, R = C[[X\, . . . , X n ]] and i € {1, . . . , n}. We set 
I := and m := (p, X u . . . , X n )R. Then 

{0} e As Si j(£>(Hi(#))) 

holds. 
Proof: 
We have 

B l I (R) = \im > (R/(X[,...,Xl)R) , 

1£N\{0) 

the transition maps being induced by R — ► ii, r i— > (Xi ■ . . . • Xj) • r. We deduce 

D(B i I (R)) = lim (£>(i2/(X{,...,X?)fl)) ; 

l£N\{0) 

we recall 

. . .,Xl)R) = E R/{xl ... x i )R (R/m)(C E R (R/m)) , 
the transition maps being induced by E R (R/m) — * E R (R/xn), e (Xi • . . . • Xj) • e. Furthermore 

E fl ( J R/m) = (C p /C)[X 1 - 1 ,...,X- 1 ] 

holds (because of 

E R (R/m) = K% Xi _ Xn)R (R) 

= R L pR ( R ) ®fl ■ ■ ■ ®« H3f„ fl (i2) 

= (C p /C) ® c (UW^) ®« . . . ®h {RxJR)) ■ 

We define 

a : (p ! ./' 1 A , : • . . . • X,: 1 + p- 1! Xr+i ..... X r ; 1! , . . . ,p~ l X^ m ..... Xr™+ 

+ {p~ u x^l ..... x~ u ) ■ (xr (m - 1} • . . . • xr^" 1 )) + . . . + 

+ (p"(— ^'X^r -1 ^ • • • • • X- {m - 1} ') ■ (^f 1 • • • • • Xri)+p-™<- X r + y ..... X- m! , . . .) e D(R\(R)) 

and, similar to the proof of lemma 2.1, we show that ann^(a) = 0. Assume to the contrary there is an 
/ G aniijj(a) \ {0}. Choose (ai, . . . , a*) minimal in 

{(a' 1; . . . , a-)|there exists a- +1 , . . . a' n such that (<4, a' n ) e Supp(/)} . 

Like before we may assume ai = . . . = aj =: o. Choose hi, . . . ,hi € R and g e C[[X i+ i, . . . , J„]] \ {0} such 
that 

/ = A7+ 1 ■h 1 + ... + X1 +1 ■ hi + X" Xf ■ g 
a - f = implies, for all to e N \ {0}, 

= {X« +1 hi + ...+ X? +1 h> + X? ■ . . . ■ Xf ■ g) ■ {p~ l X^ m X t r m + ...+ p- m{ Xr™'- ..... X-" 1 ') = 

= (Xf+% + . . . + X? +1 hi) ■ [p^Xf™ Xr m + ... + (p-(m-a-l)l . x -bn-a-l)\ x -{ m - a -l)\y 
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■(X- {a+1) i: (a+1) )] + g ■ (p- 1 X- {m - a) X; [m - a) + ...+ p -(m-ay. x Hrn-ay. ^ X^™-^) . 

Now, let (b i+ i, . . . , b n ) be minimal in Supp(g) and c G C be the coefficient of g in front of X^ 1 ■ . . . ■ X^ n . 
In Cp/C we have c • jj~( m ~ a ) ! ^ for all m » 0. So, like before, we must have 

(to — a)! — < (m — a — 1)! 

(to — a)! — b„ < (m — a — 1)! 
for all to >> 0, which leads to a contradiction again. 

2.3 Lemma 

Let p be a prime number, C a complete p-ring, n e N, R = C[[Xi, . . . , X n ]], i e {0, ...,n}, / := 
. . . and m := (p,X u . . .,X n )R. Then 

{0}e A SSR (D(U\ +1 (R))) 

holds. 
Proof: 

1. Case: i = n: In this case we have Hj +1 (i?) = E/?(i?/m) and hence D(B i I +1 (Rj) = R. 

2. Case: i < n: Similar to the situation in the proof of lemma we have 

DW+'iR)) = Jim (E R/{p , Xl ,...,x i)R ( R M P '^' X ' E W ,x ? ,...,x 2 )*(i*/m) P ' X ^ ■ ■ •) 

E R (R/m) = (C p /C)[X^,...,X- 1 ] 

and we define 

a :={jp-\ p - 2 X^ ■ . . . ■ Xr 1 + p- 2 Xr f 1 1 ! • . . . • X„- 1! , . . . ,p-^X^ m • . . . • Xr m + 
+ p-^+^xr^ ..... • x - (m+1) ..... xr (m - 1} + . . . + 
+ p-^Vxrfr-w ..... x-^- 1 )' • Xf 1 • . . . • ir 1 + ..... . . .) . 

Again we state ann^(a) and assume, to the contrary, that there exists an / € amijj(a) \ {0}, choose 
(<Xi, . . . , Oj) minimal in 

{(a'l, . . • , a-)|There exist a' i+1 , . . . , a' n such that (a[, . . . , a' n ) e Supp(/)} 

may assume a\ = . . . = di =: a and choose hi, . . . , hi € R, g € C[[Xj+i, . . . , X„]] such that 

/ = Xt +1 hi + ... + X1 +1 K + (X? • . . . • <) • g . 

This means, for all to G N, 

o = (x? +1 hi + ... + xi +1 h t )[p- {m+1) x^ m ..... xr m + ... + (p-^+^xr^- 11 - 1 ^ ..... x- {m - a - 1)v y 

■(X; {a+1) Xr^ +1 ))] +g . ( p -(™+l) X -(™-*) . . X -(m-a) + + p _ (rr , +1)jf -(m-a)l . _ . X -(m-«)l) _ 

Choose • • • , minimal in Supp(g) and let c e C be the coefficient of g in front of X^^ 1 • . . . • X^ n . In 

Cp/C we have g ■ ^ for all m >> 0, and so we must have for all m >> 

(m — a)l — b i+ i < (to — a — 1)1 
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(m — a) \ — b n < (m — a — 1)! 
which leads to a contradiction, proving the lemma. 

Now we are ready to prove that certain prime ideals are associated to D{H. 1 , x )r(R)) m a more general 
situation (R does not have to be regular). This is done essentially by using various base-change arguments 
and lemmas 2.1 - 2.3: 

2.4 Theorem 

Let (i?, m) be a noetherian local ring, i > 1 and x\, . . . ,Xi a sequence on R. Then 

Ass R (D(Rl Xi _ Xt)R (R))) C{p € Spcc( J R)| U\ Xl _ Xt)R (R/p) * 0} 
holds. If R is equicharacteristic, 

{p G Spec(i?)|xi, . . . , Xi is part of a system of parameters for R/p} C AssK(-D(H( Xl; ... iX .) fl (-R))) 

holds. 
Proof: 

The first inclusion was shown in remark 1.2.1. For the second inclusion let p € Spec(i?) and Xj+i, . . . , x n E R 
such that xi,...,x n (more precisely: their images in R/p) form a system of parameters for R/p] then 
n = dim(i?/p). x\, . . . ,x n also form a system of parameters in R/pR. Choose q € Spec(-R) with dim(fl/q) = 
dim(i?/p). This implies q € Min(R) and qC\R = p. Because of dim(i?/q) = dim(i?/p) the elements x\, . . . ,x n 
form a system of parameters of R/q. It is sufficient to show q € Ass R (D(H l ~(R))). Namely, as 

^(HU,..^)^^)) = Hom K(H; Kl ,...^ ) «(^) I E«(i?/m7?)) 
= Hom A (H' (xii Xi)A (E),E fl (i?/m)) 

= Honi^iH , ,. ,,.;//:■ ®i? E R (R/m)) 

= Rom R {R\ Xi ^ Xi)R {R), E R {R/m)) 

every monomorphism R/q ^ D(H l -(E)) induces a monomorphism 

R/p ka ?- fl/q - D{K\ xi _ Xi)k {R)) = D{tf (xi _ Xi)R {R)) . 

This means we may assume that R is complete. 

We have to show that the zero ideal of R/p is associated to 

Kom R {R/p,D{tf Xi _ Xi)R {R)) = D(R\ Xi _ Xi)R/p (R/p)) 

(this equality was shown in the proof of the first inclusion). Replacing R by R/p we may assume that R is 
a domain and p is the zero ideal in R. Let k C R denote a coefficient field. 

R Q := k[[x!, . . .,x n }] C R 
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is an n-dimensional regular local subring of R, over which R is modulc-hnite. Let mo denote the maximal 
ideal of Rq. The i?-Modul HoniR (i?, E.r (-Ro/ m o)) is isomorphic to E_R(i?/m). We have 

D(KU,..., Xi)R m = Hom fl (H| Xli ... ia!<)fl (i2),Efl(i2/m)) 

= Hom fl (H| xli ... iIl)flo (i2o) ®R R,E R (R/m)) 
= Hbm flo (H| Xli ... iIl)flo (i2o),Hom flo (Ji,Efl (iio/mo))) 
= Uom Ro (R, Uom Ro (H^ Xl; ... iX . )iJo (i?o), E% (i?o/m ))) 
= Hom« (i?,D(H^... iXi)iJo (i*o))) • 

By lemma 2.1 there exists a monomorphism Rq — > D(H( Xi x .^ o (i?o)); so we S e t a monomorphism 

Rom Ro (R,R ) - Hom Jio (i? I D(H| I1 ,..., Ij)fio (i?o))) = £>(H^ Xl) ..., Xi)iJ (i?)) . 
i? is a domain and module-finite over Rq, and thus {0} £ Supp fl (Hom^ (i?, i?o)); the statement now follows. 
Again, there are versions for the case of mixed characteristic: 

2.5 Theorem 

Let (R, m) be a noetherian local ring of mixed characteristic, p = char(i?/m), i > and xi,. . . ,Xi £ R. Then 

{p £ Spec(R)\p, xi, . .. ,Xi is part of a system of parameters for R/p} C Ass^(_D(H(p Xi X ) R (R))) ■ 
In case i > 1, we have in addition 

{p £ Spec(i?)|p, Xi, . . . , Xi is part of a system of parameters for R/p} C Ass_r(D(H( Xi Xi )i?(-^))) ■ 
Theorem 2.5 is proved in a similar way like Theorem 2.4, using lemmas 2.2 and 2.3 instead of lemma 2.1. 
In the case i = 1 the results proven so far are sufficient to completely compute the set of associated primes: 

2.6 Corollary 

Let (R, m) be a noetherian local equicharacteristic ring and x £ R. Then 

kss R (D{Kl R [R))) = Spec(R) \ 5J(x) 
holds. In particular, this set is infinite in general. 

2.7 Remarks 

(i) If one has Ass R (D(H^ xi x a r {R))) = in the situation of the theorem, it follows that EH x ar(R) = 
and also H( Xi x ) R {R/p) = for every p £ Spec(R) (by a well-known theorem), i. e. in this case conjecture 
(*) holds. 

(ii) The second inclusion of theorem 2.4 is not an equality in general: For a counterexample let k be a field, 
R = k[[y 1 ,y 2 ,y3,y4\] and define x x = 2/12/3, x 2 = 2/22/4, £3 = 2/12/4 + 2/22/3- xi,x 2 ,x 3 is not part of a system of 
parameters for R, but we have 



y/(xi,x 2 ,x 3 )R = (y 1 ,y 2 )Rn (y 3 ,yi)R 
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and so a Mayer- Vietoris sequence argument (see, e. g. [BS, 3.2.3] for a reference on the Mayer- Vietoris 
sequence) shows 

Efl(fc) = ^\ yi ,y 2 )Rr){y 3 , V4 ,)R{ R ) = ^\ Xi ,x 2 ,x 3 )r{ R ) 

and so D(Rf xi X2 X3)R (R)) = R. Thus {0} G Ass fl (D( H f x ..,....,.,„://.... 
(iii) In the situation of theorem 2.4, set 

Z X := {p e Spcc(R)\tf {xi _ Xz)R (R/p) ± 0} 

and 

Z 2 '■= {p € Spec(i?)|a;i, . . . ,Xi is part of a system of parameters for R/p} . 

Then Z\ is stable under generalization (this follows e. g. from the following well-known fact: If / is an 
ideal of a noctherian domain R such that = H/(i?) = Hj +1 (i?) = . . . holds for some fixed I e N, then 
= U l j(M) = Hj +1 (M) = . . . holds for every R- module M). 

But note that, in general, Z 2 C Spec(i?) is not stable under generalization, even not if R is regular; namely, 
for an example where Z 2 is not stable under generalization, let R — k[[xi, x 2 , £3, £4]] be a formal power series 
algebra in four variables over a field k, set 

po = {x\X4 + x 2 x 3 )R and p = (x 3 , x 4 )R . 

Then X\,x 2 is a system of parameters for R/p, but is not a part for R/po (because x\x 4 + x 2 x^ is contained 
in the ideal (£1,2:2)), i. e. we have 

po C p,p e Z 2 ,p Q <£ Z 2 . 

Assume now that R is regular; then, at least, the following special form of stableness (of Z 2 ) under gen- 
eralization holds: Let p € Spec(i?) such that x\, ...,Xi is part of a system of parameters for R/p. Then 
x\, . . . ,Xi is part of a system of parameters for R, i. e. one has the implication 

Z 2 ^ <h ^ {0} e Z 2 . 

This follows from the so-called height-formula which holds for regular local rings and which says (we apply 
it to the ideal (xi, . . . , Xi)R + pC R): 

height ((£1, . . .,Xi)R + p) < height^, . . .,Xi)R) + height(p) < i + hcight(p) . 

But, because of our assumption p e Z 2 , we must have 

height((xi, . . . , Xi)R + p) = i + height(p) 

and, therefore, height((xi, . . . ,Xi)R) = i. 
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3 Associated primes the characteristic-free approach 



In this section we investigate associated prime ideals of Matlis duals D(Hj(M)) of local cohomology modules 
(R is local, of course); there are two subsections: In the first one, we prove characteristic- free versions of 
some results on the set of associated primes of such a module; out methods here are different to the ones 
used in section 2. Some results of this section can be found in [HS1]. In the second part of this section, we 
concentrate on the case M = R, i = dim(i?) — 1, theorems 3.2.6 and 3.2.7 (where we actually compute the 
set of associated primes of D(B.f m{R) ~\R))) contain the main results of this second subsection. 



3.1 Characteristic-free versions of some results 

The following lemma is crucial for this subsection: 
3.1.1 Lemma 

Let R be a ring, x, y £ R and U an i?-submodule of R x such that im l x C U, where i x : R — > R x is the 
canonical map. Let S := imi y C R y . There exists an i?-epimorphism 

Rx/U — > R xy / (S x + U y ). 

Proof: 

Let V := S x + U y C R xy and let (&i, 62, . . .) £ i? N+ be an infinite sequence. For ieNwe set 

Pi ■■= £ Ti^kl + v e R*y/V (ieN). 



We calculate 



because 



yi+1 + 

= 0, 

^e(im tl ) 9 c[/ s cy . 



Thus we have xp i+ i = pi for alH £ N and so we get a map ip : R x — > R xy /V given by 

r 

— >-> rp t (r £ R,i £ N). 

It is easy to see that 99 is i?-linear. Let u e J7 be arbitrary. There are r £ R and ieN such that u = 
We have 

v{u ) = r Pi = Y J -rm + v = uY,—^ + v = Q, 

because 

u 

7=1 y 



i=i X 3=1 



— ^ e tf y c v . 
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This implies U C ker(<p) and hence we get an induced i?-homomorphism / : R x /U — ► R xy /V. The set 
{ + f/|i G N + } is a generating set for R x /U and so we have 

/ is surjective <p is surjcctive <==^> {pi, p 2 , • ■ •} generates R xy /V. 

The set { + V\i,j e N + } generates R xy /V. For i e N + we set 



/ & 1 & 2 63 • ■ • &i ^ 

6 2 h h ... b i+ i 
\ bt b i+1 b i+2 ... b 2 i-i/ 



Then we have for i e N + : 



(Pi, ypi+i, . . . ,iTWi) T - + V, — ^ + V, . . . , + U) T . 

x J y x l l y i xy 1 

If we choose 61,62, • • ■ € i? in such a way that detBj € i?* for all i e N + (which is possible, B consists only 
of ones and zeroes), then {pi,p 2 , ■ ■ .} generates R xy /V. 

From now on we assume that R is noetherian, we can use Cech cohomology to compute local cohomology. 
Thus, lemma 3.1.1 implies: 

3.1.2 Theorem 

Let R be a noetherian ring, M an i?-module, m <G N + , n e N, #1, . . . , x m , yi, . . . , y n <G R. Then there exists 
an i?-cpimorphism 

Proof: 

Obviously it suffices to prove the statement for the case M = R. Using Cech cohomology to compute both 
local cohomology modules the statement follows immediately from lemma by induction on n. 

By dualizing the surjection from the preceding theorem we get an injection. But, then, the set of associated 
prime ideals of the right-hand side is contained in the set of associated prime ideals of the left-hand side. 
This is the basic idea in the proof of statement (ii) in the following theorem (the same is true for (iii), (iv) 
and (v), as these statements follow from (ii), see the proof below for details): 

3.1.3 Theorem 

Let (R, m) be a noetherian local ring, m € N + , X\, . . . , x m e R and M a finitely generated R- module. Then 
the following statements hold: 

(i) dim(M/pM) > m for every p G Ass fl (D(H£ 1> ... iIm)fl (M))). 

(ii) {p € Supp fl (M)|xi, . . . ,x m is part of a system of parameters of R/p} C Ass_r(D(H™ i x ^ r (M))). 

(iii) Ass R (D(Rl R (R))) = Spec(i?) \ <U(ar) for every x e R. 

(iv) If xi, . . . , x m is part of a system of parameters of M, we have Assh(M) C Ass/{(D(H^; i Xm )R.(M)))] 
furthermore, if m = dim(M), equality holds: Assh(M) = Ass^(I?(Hm m ' M ^ (M))) (note that, by definition, 
Assh(M) consists of the associated prime ideals of M of highest dimension). 
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(v) If R is complete, p e Supp fl (M) and dim(i?/p) = m, the equivalence 

p G Ass^(D(H(™ 1 Xm )R(M))) xi, . . . ,x m is a system of parameters of R/p 

holds. 
Proof: 

We set I := (x\, . . . , x m )R. 

(i) Let p e Ass jR (L>(H7 l (M))). We conclude 

+ Rom R (R/p,D(n?(M))) = D(tf?(M) ® R (R/p)) = D(u" l (M/pM)). 

Thus we have K" l (M/pM) ^ and statement (i) follows (note that it follows also from remark 1.2.1). 

(ii) Let p G Supp^j(M) such that xi, . . . ,x m is part of a system of parameters of R/p. By completing 
x\, ... , x m to a system of parameters of M/pM and using theorem 3.1.2, we may assume that x\, . . . , x m is 
a system of parameters of M/pM. So we have dimM/pM=dim(i?/p) = m. Therefore we get 

Rom R {R/p,D{-Rf(M))) = D(Rf(M/pM)) 

= D(n™(M/pM))) 

On the other hand we have Hom R (R/q, _D(H™(M))) = for every prime ideal q of R containing p properly, 
by (i); statement (ii) follows. 

(hi) Using (ii), it remains to show that x £ p holds for every p <G Ass,r(Z?(H^(-R))). As we have seen above, 
our hypothesis implies H^(i?/p) ^ 0. So we must have x p. 

(iv) The first statement follows from (ii) (note that, for every p € Assh(M), x\, . . . ,x m is part of a system 
of parameters of R/p, too) and then the second statement from (i). 

(v) Let p e Supp iJ (M) such that p e Ass fi (_D(H7 l (-^)))- We have to show that x\, . . . , x m is a system of 
parameters of M/pM: Rf(M/pM) ^ implies H7 1 (i?/p) ^ 0. As R and hence R/p are complete we may 
conclude from Hartshorne-Lichtenbaum vanishing (see, e. g. , [BS, 8.2.1] or theorem 6.1.4 for a reference on 
Hartshornc-Lichtcnbaum vanishing) that dim(_R/ (/ + p)) = 0, i. e. x\, . . . , x m is a system of parameters of 
R/p. 

3.2 On the set Ass iJ (£)(Hf ln(il) " 1 ( J R))) 

We prove a series of lemmas which we will need for the main results 3.2.6 and 3.2.7. 
3.2.1 Lemma 

Let (5, m) be a noetherian local complete Gorenstein ring of dimension n + 1 (> 1) and *p C S a prime ideal 
of height n. Then 

£>(H$(S)) = %/S 

holds canonically. 
Proof: 

Local duality over the Gorenstein ring S shows that there are natural isomorphisms 

D(K%(S)) = D(\jmExt n s (S/¥ l ,S)) = lim H^(W) • 

!€N IEN 
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Take y e m \ qj. Now, y/y{S/W) = m(S/V l ) implies 

= h^/^W) - (Sy/tfSyyis/tf) = (%/<p%)/(W) 

and the statement follows by observing that the maps 

(%/<p i+1 %)/(W +1 ) - (%/^%)/ W) 

which we get from this, are the natural ones. 
3.2.2 Lemma 

Let (R, m) be a noetherian local complete domain and / C R a prime ideal such that dim(i?/7) = 1. Then 
there exist a noetherian local complete regular ring S, a local homomorphism S R and a prime ideal 
O C S such that R is finite as an ^-module and such that 

height(kcr(p)) = 1, dim(5/£J) = 1, VOR = I, ker(p) C 

hold. 
Proof: 

Either R contains a field k or, if not, a coefficient ring (V, tF); choose y\, . . . ,y n ,y £ R such that 



J = \Z(yi,...,y n )R 

and yi, ... , y n -i,y is a system of parameters of R (dim(i?) = n); in the case of mixed characteristic we may 
take 2/1 := t if f £ I and y :=t'\it ^ I. Now we define a subring of R: 

Ro := k[[y, yi , . . .,y n ]\ 

(if R contains a field) resp. 

-Ro := V[[y,y 2 , ■ ■ ■ ,y n }] 

(if R contains no field and t £ I) resp. 

-Ro := V[[yi, . . .,y n ]] 
(if R contains no field and t £ I). Furthermore we define a power series ring 

S := k[[Y, Yt,..., Y n ]\ resp. V[[Y, Y 2 , . . . , Y n }] resp. V^Y,, . . . , Y n }] 

(all capital letters denote variables) and it is clear how to define a surjection S Rq(C R). We set 

JQ := (Yi, . . . , Y n )S resp. (t, Y 2 ,..., Y n )S resp. (Y 1 ,..., Y n )S, 

where in all three cases we have ker(p) C because of y ^ I. All other statements are obvious now. 

3.2.3 Lemma 

Let R be a noetherian ring. 

(i) Let qj be a prime ideal of R which is not maximal. Then the equivalence 

i?<p = i?<p *P is minimal in Spec(i?) 
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holds. 

(ii) Assume that R is local (and noetherian) and that all prime ideals associated to P are minimal in Spec(P). 
Then Assp (P/P) C Ass(P) holds. In particular if R is a non-complete (local) domain (i. c. if R C P), 

Assp(P/P) = {0} 

holds. 
Proof: 

(i) The implication <= is clear as every zero-dimensional local noetherian ring is complete. We assume there 
exists a prime ideal P of R which is neither minimal nor maximal in Spec(P) and such that Rp = Rp. PRp is 
not minimal in Spec(P). Choose Q,Q' S Spec(P) such that Q' C P C Q and such that dim (Rq/PRq) = 1. 
We set m := Rq/Q'Rq and <p := PRq/Q'Rq e Spec($H) and we get 

m P = Rp/Q'Rp = Rp/Q'Rp = RpJ&Rp = m^>. 

So we may assume that R is a local domain and dim(P/P) = 1. 
Take ye m \ P. Assume that for some n€N 

p{n) c p(«+i) + yR 

holds := P"P P n P is a P-primary ideal of P such that P^R P = P n R P , P(") is the so-called n-th 

symbolic power of P). It would follow that 

p(n) = p(n) n (p(n+l) + y p) = p(n+l) + (p(n) R y p) = p(n+l) + y p(n) 

(the last equality follows, because ?J3(") is ^-primary) and then p(") = p(™ +1 ), by the lemma of Nakayama 
(see, e. g., [Ma, Theorem 2.2] for the lemma of Nakayama). Again by the lemma of Nakayama, this would 
imply P n Rp = and so PRp would be minimal in Spec(Pp). We conclude that for every n € N 

p(n) g p(n+l) + yR 

holds. For every n e N we choose x n € P^ \ (p(™ +1 ) + yP) and define (for every n e N + ) 

n-1 ^ 

Because of 

- in = y(n +i)2 e P"Pp 

(for every n), we have 

(£n + P™Pp)neN+ € Pp = Pp- 

Therefore, there exists £ € Pp such that 

K + P"Pp)„ eN+ = + P"Pp)„ eN+ , 

i. e. 

i - (, n e P"PP 
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holds for every n G N+. 

Write £ = §, where a £ R,b S P \ P. The ideal P + 6P of P is either P or m-primary, so there exist p £ N + 
and c G R such that y p — be e P; it follows that 

y pn - 6c„ e P", 

where 

c„ := 6" V" ~ ~ M") eP 
(note that y pn — (y p — bc) n is divisible by b in P) and we conclude that 

acn = ay pn - abc n = a(y p - bc) n pnR 
yP n byP n byP n P 

for every n e N + . We get 

for every n e N + . From this we get (for n > p) after multiplication by y™ 2 that 

n-l 
i=0 

and in particular x n _i E P (n) + yP which is a contradiction. 

(ii) We only have to prove the first statement, the second one follows from it immediately; Let P be an 
arbitrary element of Spec(P) \ Ass(P); We conclude Honifl(P/P, P) = and hence also Honift(P/P, P) = 
(because P contains an element which operates injectively on P and P is flat over P). Thus the short exact 
sequence 

0^P^>P^P/P^0 

induces an exact sequence 

-» Hom^P/P, P/P) -> Ext^(P/P, P) Ext^(P/P, P). 
By our hypothesis there exists x £ P such that x ^ Q for all Q € Ass(P). We get short exact sequences 

-» P A P -> P/xP -> 

and 

-> P A P -» P/xP -» 0. 
Because of x e P a commutative diagram with exact rows is induced: 

-» Hom^(P/P, R/xR) -» Ext^(P/P,P) -> 

-» Kom R (R/P,R/xR) -» Ext^(P/P,P) -> 0. 

■0 is injective as R/xR C R/xR = R/xR. Therefore, is injective which implies that Honifj(P/P, P/P) = 0, 
i. e. P g Ass R (R/R). 

The following result is a special case of both 3.2.6 and 3.2.7. 
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3.2.4 Theorem 

Let (R, m) be a <i-dimcnsional local noetherian complete domain, where d > 2; let P be a prime ideal of R 
such that A\m{R/P) = 1. Then 

{0} e kss R {D{K d p -\R))) 

holds. 
Proof: 

We apply lemma 3.2.2, set Rq := im(p) and consider the ideal £2 from lemma 3.2.2 as an ideal of Rq. Because 
of lemma 3.2.2, R is a complete intersection, in particular it is Gorenstein. By mo we denote the maximal 
ideal of R n . R is finite over i? and so we have D Ro (R) = Hom Ro (R, Ei? (-Ro/ m o))) = En(R/m) — D R (R), 
which implies D Ro (M) = D R (M) for every i?-module M. On the other hand the functor H0 _1 (_) is right 
exact by Hartshorne-Lichtenbaum vanishing; in particular we have 

D R (R d p -\R)) = Dn^a'iRo) ®r R) = Kom Ro (R, DrJr^ 1 (Ro))) 

and so every i? -monomorphism R — > Dr (~Hq~ 1 (Ro)) induces an i?-monomorphism 

Kom Ro (R,R )^D R (K d y 1 (R)) . 

It is easy to see that {0} € Assa (Horn# (i?, i?o)) holds (e. g. by localizing) and thus it suffices to show 
{0} e Ass Ro (D Ro (B_ d -^ 1 (R ))), i. e. we may assume i?o is Gorenstein. Now, by lemma 3.2.1, we have a 
commutative diagram with exact rows: 

-» R Rp 
IC |= 

-> Rp Rp 
This diagram induces an epimorphism 

DiRp-^R^^Rp/Rp. 

By lemma 3.2.3 (i) we have Rp/Rp ^ and it follows from lemma 3.2.3 (ii) that (Rp/Rp) <8>_r (Q(R)) ^ 0. 
Thus we have D(U_fr 1 (R)) <g> R Q(R) ^ by the above epimorphism, which is equivalent to the statement of 
the theorem. 

3.2.5 Lemma 

Let (R, m) be a noetherian local complete domain, d := dim(i?) > 1 and J C R an ideal of R such that 
dim( J R/J) = 1. Then 

Assh(i?) n Ass fl (L>(H d 7 _1 (i?))) = {Q e Assh(i?)| dim(i?/(J + Q)) > 1} 

holds. In particular, if Hj(-R) =0, 

Assh(D(H d / 1 (i?))) = Assh(i?) 

holds. 
Proof: 



Rp/Rp 




0. 
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The second statement follows from the first one by Hartshorne-Lichtenbaum vanishing. First, we prove the 
statement in the special case where dim(i?/ (J + Q)) > 1 for all Q £ Assh(i?); then we will reduce the general 
to this special situation. Now, in the special case, it suffices to show the inclusion "D": By Hartshorne- 
Lichtenbaum vanishing we have Hj(i?) = 0, i. e. Hj" 1 is right exact. Let Q <G Assh(i?) be arbitrary. The 
canonical epimorphism R — > R/Q =: R induces a monomorphism 

If {0} e Ass^(%(H^ 1 (^))) then Q e Ass fl (C fl (H^ 1 (i?))), and so we may assume that R is a domain. If 
we can write J — J\ fl Ji with non-m-primary ideals Ji, J2 of i? such that J\ + J2 is m-primary then, because 
of Hj^i?) = Hj 2 (R) = (Hartshorne-Lichtenbaum vanishing), a Mayer- Vietoris sequence argument shows 
the existence of an epimorphism 

R d J - 1 (R)^Rj 1+j2 (R)=R d m (R). 
But then theorem 3.f .3 (iv) implies that 

{0} - Assh(i?) = Ass R (D(Ki(R))) C Ass^^" 1 (#))). 

If there is no such decomposition J = Ji n J2 of J we may assume that J is a prime ideal; but then 
the statement follows from theorem 3.2.4. Now we turn to the general case, i. e. we assume there is a 
Q E Assh(i?) such that dim(i?/(J + Q)) = 0. We define U(R) to be the intersection of all Q'-primary 
components of a primary decomposition of the zero ideal in R for all Q' € Assh(_R). Apparently we have 
Assr(R/U(R)) = Assh(_R) and dim(U(R)) < d. Because of the latter fact the short exact sequence — > 
U (R) R — ► R/U(R) — > induces an exact sequence 

D{U d j-\R/U(R))) - ^H^i?)) - DGtf- 1 ^)))- 

Trivially dim fi (Supp i? (Hj _1 (/7(i?)))) < d - 1 holds. By considering R/U(R) rather then R we may assume 
that Ass fl (i?) = Assh(i?). We write = V n J" with ideals J" of R such that Ass R (R) = Assr(R/I') U 
Ass R (R/I") and dim( J R/( J + Q')) > 1 for all Q' G Ass R (R/I') and dim( J R/(J + Q")) = for all Q" e 
Assr(R/I")). It follows that dim(i?/(J + /")) = 0. By using a Mayer- Vietoris argument and the facts that 
Rj(R/I') = (Hartshorne-Lichtenbaum vanishing) and Y^j{R/I") = lT m (R/I") for all i e N we get a short 
exact sequence 

D(R d m \R/I> + I")) - D(Rj-\R/I')) D(Rt\R/I")) -+ 
- ^(Hf 1 ^)) - D{B_t\R/{I' + I")))- 

It is clear that we have 

dim fi (Supp K (^(H^ 1 (fi/a' + /"))))) < d - 1 

and 

dim fl (Su PPfl (i?(Ht 2 (^/a' + /"))))) < d" !• 
i? is complete and so we can use local duality to conclude that 

dim K (Sup Pfl (i?(H^ 1 (i?//")))) < d- 1. 

Thus we get, by what is already shown, 

Assh(i?) n Ass jR (L>(Hj _1 (i?))) = {Qe Aaa R (D{S^- 1 (R/l')))\ dim(i?/Q) - d} = Assh(R/l'). 
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The following theorems 3.2.6 (where R is not necessarily complete) and 3.2.7 (where R will be complete) 
contain the main results. 

3.2.6 Theorem 

Let (R, m) be a d-dimensional noetherian local ring and J C R an ideal such that dim(P/J) = 1 and 
Hj(-R) = 0. Then 

Assh(i?) = Assh(L>(Hj _1 (i?))) 

holds. 
Proof: 

One has R d jk (R) = Hj(P) ®rR = and 

= Kom R (R*- 1 (R),D A (R)) 
= D R (R d J -\R)) 

Therefore, every P-monomorphism ip : R/ty — > D A (Yl d ^(R)) 1 where ^3 is a prime ideal of R, induces an 
P-monomorphism P/^3 — > Dr(Hj On the other hand we have a i?-monomorphism R/p — > P/*P, 

where p :— *}3 fl P. Composition of these monomorphisms gives us a monomorphism 

R/p^D R (Bj-\R)). 

Because of Assh(i?) = {*p n P|^P G Assh(_R)} we may assume that R is complete. But then the statement 
follows from lemma 3.2.5. 

3.2.7 Theorem 

Let R be a c?-dimensional local complete ring and JCflan ideal such that dim(P/J) = 1 and Hj(P) = 0. 
Then 

Ass jf? (Z)(Hj _1 (i?)) = {Pe Spec(i?)| dim(i?/P) = d- l,dim(P/(P + J)) = 0} U Assh(i?) 

holds. 
Proof: 

Let P e Spec(P). If dim(P/P) < d - 2 we have 

Horn^P/P^H^P))) = ^(Hl-^iJ/P)) = 
and hence P <£ Ass fl (-D(H5 _1 ( R ))) ■ If dim(P/P) = 1 then (set P := P/P): 

Homfl^/P.i?^- 1 ^))) = ^H^P/P)) - r>(H^(S)). 
i? is complete and so, by Hartshorne-Lichtenbaum vanishing, the equivalence 

H^P) 7^ <=> dim(P/JP) = 
holds. On the other hand we have Rj JR = R/(P + J) and, therefore 

{P € Ass R (D(U d j-\R)))\ dim(P/P) = d - 1} = 

= {Pe Spec(P)| dim(P/P) = d - 1, dim(P/(P + J)) = 0} . 
Now the statement follows from lemma 3.2.5. 
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4 The regular case and how to reduce to it 

By "regular case" we mean the following situation: Let k be a field, R = k[[Xi, . . . ,X n ]] a power series 
algebra over k in n variables and I the ideal {X\, . . . ,Xh)R of R (1 < h < n). We are interested in the 
associated prime ideals of 

D := D(Hj(R)) . 

In the first subsection we will demonstrate how one can reduce conjecture (*) to the regular case, in subsection 
4.2 we present results on Assr(D) for general h; subsection 4.3 concentrates on the case h = n — 2, which is 
in some sense the "first" interesting case. 

4.1 Reductions to the regular case 

Suppose that (i?, m) is a noetherian local ring. After completing i?, we can write R as a quotient of a regular 
local ring 5; on the other hand we can find a regular local subring S of R such that R is module-finite over 
S. We will use both methods to reduce to the regular case, i. e. to make facts about Asss(Ds) into facts 
about Assr(Dr) (Ds and Dr stand for the Matlis duals of local cohomology modules of S resp. R), see 
remark 4.1.1 and theorem 4.1.2 for details. 

4.1.1 Remark 

Suppose that (i?, m) is a noetherian local equicharacteristic domain, i > 1 and Xi, . . . , Xi is a sequence in R 
such that H/ Xl x )r(R) 0- Suppose furthermore, that one wants to show {0} <E Assr(D(u^ xi x )r(R))) 
(that is conjecture (*) in the equicharacteristic case). W. 1. o. g. one can replace R by R/po, where R is 
the m-adic completion of R and p G Spec(-R) is lying over the zero ideal of R (because then 

^/ P o( H k,...,x i )(K/Po)^/P°)) = Hom ^/ P o(H(, 1 ,...^) (A) (^) ®r (i?/Po),Hom^(i?/p ,E^(fc)))) 

= Hom A (Hj ai| ... iX4)(A) , Hom A (A/p , E A (fc))) 
= Hom^(i?/p , Hom^H' ;/ ;//:.. E R (k))) 

= Hom^(i?/p , Hom A (Hj xii ___ iXi)A (^), E R (k))) 
= Hom^OR/po, DR(tf R (U\ Xi _ Xt)R (R)))) 

contains en element d with i?-annihilator po, i. e. with i?-annihilator po H R = 0; but d is naturally an 
element of Z?ij(H/ Xi x )Ji(^)))' an< ^ so we ma y assume that (R, m) is a noetherian local equicharacteristic 
complete domain. Let k be a coefficient field of R. Now if we use a surjective fc-algebra homomorphism 
. . . , X n ]\ —>■ R (k[[Xi, . . . , X n ]\ is a power series algebra over k in n variables X\, . . . , X n ) mapping 
Xi, . . . , X n to xi, . . . x„, respectively, we can reduce to the following problem (note that, below, p corresponds 
to the zero ideal of R): 

If R = k[[Xi, . . . ,X n ]] is a power series ring over a field k in n variables X\, . . . ,X n , 1 < i < n, q G 
Ass fl (D(H| Xi Xi )R( R )))> P e Spcc(i?), p C q, then p e Ass^(D(h| Xi Xi)ij: (-R))) holds (that is: The set 
Ass/{(-D(H( Xl Xi)ii(-R))) ^ s stable under generalization). 

Thus we have reduced conjecture (*) (in the equicharacteristic case) to the preceding statement, a similar 
reduction is possible in the case of mixed characteristic. 
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4.1.2 Theorem 

Let (R, m) be a noetherian local complete ring with coefficient field k C R, I G N + and xi,...,xi G i? 
a part of a system of parameters of R. Set / := (xi, . . . , xi)R. Let xi+\ , . . . , Xd G R be such that 
xi, . . . ,Xd is a system of parameters of R. Denote by Ro the (regular) subring k[[xi, . . . , Xd\] of i?. Then if 
AsSij (D(H( a , i Xl ) Ro (Ro))) ^ s stable under generalization, Ass_r(-D(H/(-R))) is also stable under generaliza- 
tion. 
Proof: 

Set X := Ass_ R (£'(H7 l (-R))) and let pi G Spec(i?),p G A, pi C p. We have to show pi G X. The hypothesis 
on p implies 

o ± n^R/p) = n{ xl ,..., Xm)Ro (Ro/P n Ro) ®ko R- 

But Ass/j (D(h| 2 , i x;)flo^ ^^ * s s * a ^l e un der generalization and so by using Matlis duality we first con- 
clude p n Ro G Ass^ (_D(H( ;ri Xl )R (Ro))) and then, by using the stableness hypothesis again, pi n Ro G 
AsSij (Z)(H( Xii Xi)i j o (-Ro)))- Now the existence of an i? -lmear injection i? /pini? -» ^(H( Xli ;Xi)i j (-Ro)) 
implies the existence of an i?-linear injection 

Bom Ro (R, Ro/Pi n Ro) -» Hom % (.R, £>(H| Xl; ... iXi) (flo))) 

= Hom % (H' (xii ... ;Xi)ilo (i?o), (Hom % (i?, Ei? (fc)))) 

=£>(hu^)), 

where the last equality follows from the fact HoniR (i?, E Ro {k)) = E R (k). Thus it is sufficient to show 

pi G Ass R (Rom Ro (R,Ro/p 1 nRo)) = Hom iJo/pinilo (.R/(pi n Ro)R,R /pi n Ro) ■ 

But i? is finite as i? -module and so Rom Ro i pinRo (R/pi, Ro/pi H i?o) 7^ 0; on the other hand pi is minimal 
in the support of R/(pi n i?o)-R and so, combining these facts, the statement of theorem 4.1.2 follows. 

4.2 Results in the general case, i. e. h is arbitrary 

We collect some properties of Ass R (D) in the regular case; note that R does not have to contain a field: 
4.2.1 Theorem 

Let (R, m) be a noetherian local complete regular ring. Let X\, . . . , X n be a regular system of parameters 
oiR,n = dim(R). Set I := (X u ...,X h )R for some h G {1, . . . , n}. Set D := D(Bj(R)). 

(i) For h = n one has 

Ass R (D) = {{0}} . 

(ii) For h = n — 1 one has 

Ass R (D) = {{0}} U {pR\p G i? prime element, p & 1} . 

(iii) For general h the following statements hold: 
(a) For every p G Spcc(i?) the implication 



p G Ass R (D) =^> height(p) <n-h 
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holds. 

(/?) For every p e Spec(77) such that height(p) = n — h one has the equivalence 

p e Assr(D) I + P is m-primary . 

(7) Every / € 7 \ ml is contained in no p e Assr(D); in particular, if / = p is a prime element of 77 (such 
that p £ I\ ml) , one has 

P R^Ass R (D) . 
(5) If p e 77 is a prime element such that p ^ 7 then 

pR £ Ass R (D) 

holds. 
Proof: 

(i) follows from D(B^(R)) = 77, (ii) from theorem 3.2.7. (iii) (a) and (/?) follow from theorem 3.1.3 (i) resp. 
(v). (iii) (7): In the given situation one has 

Hom R (R/fR,D) = D(H/(77)//H, (77)) = D{K h I{R/ fR) (R/ f 77)) 

and Hj/ i j/j J j)(7?//7?) = 0, because / is a minimal generator of 7, i. e. 7(77,/ /77) can be generated by h — 1 
elements; thus multiplication by / is injective on D, the statement follows, (iii) (S) follows from theorem 
3.1.3 (ii). 

4.2.2 Remark 

In the situation of theorem 4.2.1, the largest h, for which we cannot completely determine Ass R (D), is 
h = n — 2; the theorem leaves open the question which prime ideals p = pR, p e 77 a prime element, p e 7, 
are associated to 77. In the next subsection we will concentrate on the case h = n — 2. We will give a 
partial answer to this open question (see corollary 4.3.1) and we will see (remarks 4.3.2 (i) and (ii)) that 
both pR e Ass_r(7)) and pR £ Ass R (D) can occur (both in the special case p e 7, h = n— 2). 

4.2.3 Theorem 

Let (77o,mo) be a noetherian local complete equicharacteristic ring, let dim(77o) = n— 1, k C 77o a coefficient 
field of 77o, I < h < n. Let xi, . . . , x„ be elements of 77o such that (#i, . . . , x n )Ro = trio- Set 7o := 
(x\, . . . ,Xh)Rv- Let 77 := fc[[Xi, . . . ,X n }] be a power series algebra over k in the variables X\, . . . ,X n , 
I := (X\, . . . ,Xh)R. Then the fc-algebra homomorphism 77 — > 77o determined by Xi Xi (i = 1, . . .n) 
induces a module-finite ring map 1 : R/ fR — > Ro for some prime element / £ 77. We set 

D := D(R'}(R)) . 

Then 

(i) D has an associated prime which contains / if and only if H/ O (77o) 7^ 0. 
Furthermore if 77o is regular and height(7 ) < h, the following statements hold: 

(ii) D has no associated prime ideal which contains / and has height n — h. 

(iii) If H/ O (77o) 7^ 0, (/ is contained in an associated prime of D and) every maximal element q of Ass R {D) 
containing / has dim(77/q) > h; we will see below (remark 4.3.2 (ii)) that this situation really occurs and, 



37 



therefore, it is in general not true that all maximal elements of AsSfl(D(Hj (R))) have dimension h: note 

that his was conjecture (+) in [HS1, section 0] (see also remark 1.2.4 for more details on this). 

Proof: 

(i) follows from 

3peA SSR (i3)/ € p <^> Rom R {R/fR,D)^0 

^ D(H?(i*)//H?OR))^0 

D(Bi{R/fR)) ± 
Hj(R/ fR) ± 
H? o ( J R )^0 . 

Note that, for the last equivalence, we use the fact that via i Rq is a finite and torsion-free i?//i?-module. 
From now on we assume, in addition, that Rq is regular and that height (io) < h. 

(ii) We assume, to the contrary, that there is a prime ideal p <E Ass#(£>) such that height(p) = n—h and such 
that / € p: i?o is module-finite over R/ fR, and so there exists q € Spec(i?o) such that q (~1 (R/ fR) = p/ ' fR. 
But now q n R = p implies 

height(q) = (n - 1) - dim( J R /q) = (n - 1) - dim(i?/p) = hcight(p) - l = n- /i-l 

and therefore, from height (7o) < ^, we conclude 

height(7 + q) < n - 1 , 

which means that (J + q)/q is not mo/q-primary in Ro/q. Hence, by Hartshorne-Lichtenbaum vanishing, 

ui(Ro/q) = . 

But Ro/q is a torsion- free finite -R/p-module, and so the last vanishing result implies 

H?(i?/p) = , 
which contradicts the assumption p G Assr(D). 

(iii) The first statement implies that there is an associated prime of D which contains / and (ii) shows that 
every such prime ideal p has height smaller than h. 



4.3 The case h = dim(R) - 2, i. e. the set Ass fl (D(H"^ i 2 x „_ 2 )i?( fc [[ X i' • • • ' X n]J))) 

We can give a partial answer to the question which height one prime ideals contained in / are associated to 
D: 

4.3.1 Corollary 

If we are in the special case where h = n — 2, Rq is regular and height (Jo) < h in the situation of theorem 
4.2.3, we clearly have (because of theorem 4.2.3 (ii)) 



fR e Assij(-D) H?- 2 (i? o )^0 
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In this case, fR is a maximal element of Assr(D). By [HL, Theorem 2.9], the latter holds if and only if 
dim(i?o/^o) > 2 and Spec(Ro / IqRo) \ {^o(Ro/IqRo)} is connected, where Ro is defined as the completion 
of the strict henselization of Ro; this means that Rq is obtained from Rq by replacing the coefficient field k 
by its separable closure in any fixed algebraic closure of k. 

4.3.2 Remarks 

(i) In the situation of the statement (i) of theorem 4.2.3, it can easily happen that both f £ I and Hj (-Ro) = 
hold; then we have, in particular, fR g Assr(D). Hence, in general, not all height one prime ideals contained 
in I are associated to D. In fact, if height(Jo) < h, then / is necessarily contained in I. Hence, if ara(To) < h, 
then both / £ I and Hj (-Ro) = hold and therefore one has fR £ Ass r(D). 

(ii) In the situation of corollary 4.3.1, it can happen that fR £ Assr(D). For example, we can take 

n = 5, h = 3,k = Q (the rationals), Ro = Q[[j/i, 2/2, 2/3, Vi]] , 

a power series algebra over Q in the variables 2/1, 2/2, 2/3, 2/4- We set 

x\ = ym,X2 = 2/22/4, x 3 = 2/i2/4 + 2/22/3, Xi = 2/i + 2/3, x 5 =2/2 + 2/4 ■ 

Then height (I ) = 2 and H? (-Ro) 0. Furthermore 

/ := -X 2 X\ + X a X 4 X 5 - X x Xl + 4Xi X 2 -Xl£R 

generates the kernel of the Q-algebra homomorphism R —>■ Rq, which is determined by Xi \— > Xi (i = 1, . . . , 5), 
where R is defined as the power series ring Q[[Xi, X 2 , X 3 , X4, X$\] over Q in the variables Xi,X 2 ,X 3 , X4, X 5 . 
Now, by corollary 4.3.1, fR is a maximal element of Assn(D). In particular, this example clearly provides 
a counterexample to conjecture (+) from [HS1, section 0] (see also remark 1.2.4 for details on this). 



(i) We assume that height (Jo) < h and prove / £ I: Let po be a prime ideal minimal over Iq and such that 
hcight(po) < h — 1; the inclusion p n R 2 I + fR induces a surjection R/(I + fR) — > R/po H R; on the other 
hand, i?o/po is finite over R/po n R. Therefore we have 



Now, if / was not contained in 7, one would conclude dim(i? /po) < n — h — 1 and, hence, height(p ) > h. 
(ii) It is easy to see that 



and so height (Jo) = 2 and a Mayer- Vietoris sequence argument, applied to the ideals (2/1,2/2)^0 an d 
(2/3,2/4)-Ro, shows that H/ (Ro) 7^ 0. / generates the kernel of the Q-algebra homomorph ism R — ► Ro ; 
this can be seen e. g. by observing that /, as an element of Q[Xi, X 2 , X 3 , X4, X5], generates the kernel of 
the associated map over polynomial instead of formal power series rings, which in turn is true, because first 
of all an easy calculation shows that / is in this kernel and, secondly, as a polynomial, / is irreducible, which 
can either be seen by a direct calculation or by using a computer algebra system like, for example, Macaulay 
2. The rest follows from corollary 4.3.1. 

Assume that p £ I is a prime element. The next example and, more generally, theorem 4.3.4 show that 
under certain conditions, p is contained in infinitely many associated height two prime ideals of D. This 



Proof: 



dim(i? /po) = dim(i?/p n R) < dim(R/(I + fR)) 




39 



is useful for two reasons: It will lead to a generalization of an example of Hartshornc of a non-artinian 
(but zero-dimensional) local cohomology module (see theorem 6.2.3); and secondly, it will show that cither 
conjecture (*) holds (for h = n — 2) or, if not, D satisfies a remarkable property (see remark 4.3.6 for details 
on this property). 

4.3.3 Example 

Still in the above situation consider p := X\X n + X 2 X n -\ £ In (X n _\, X n )R. For every A G k set 
p A := (Vi + \Xi,X n - XX 2 )R. Then p x G Ass R (D(R r ^ 2 (R) j) holds (this follows from theorem 3.1.3 (v)) 
and 

p = X^Xn -\X 2 )+ X 2 (X n _ 1 + XX,) 

is contained in every p\. 

The same idea works more general: 

4.3.4 Theorem 

Let R = k[[Xi, . . . , X n }} be a power series ring in the variables X\, . . . , X n (n > 4) over a field k and let I 
be the ideal (X\, . . . ,X n _ 2 )R (i- e. h = n — 2 in the above notation). Furthermore, let p <E R be a prime 
element such that pelfl (X n -i,X n )R. 
The set 

{p g Spec(J?)|p g Ass R (D(R]- 2 (R))),p G p,hcight(p) = 2} 

is infinite. 
Proof: 

It is easy to see that there exist /, g G I,f £ (X n _i,X n )R and I > 1 such that 

p = X l n f + X n _ l9 

holds. Let m G N + be arbitrary. We have 

p = (X l n + X?g)f + (X n _! - X?f)g 

and so 

pel m := (X l n + X?g, X n _r - X?f)R . 

The elements 

X\, . . . , X n _ 2 , X l n + X{ n g, X n -i — X™f 

form a system of parameters of R and so there exists a p m G Ass^(.D(H™ _2 (-R))) containing 7 TO . For 
m, to' G N + , to 7^ m' 

V-Im + -Im' = (Xi,X n , X n _i)R n v (X n -i,X n , f, g)R 
holds; in particular, all primes containing I m + I m i have height at least three. The statement follows. 

4.3.5 Remark 

In the situation of theorem 4.3.4, conjecture (*) would clearly imply pR G Assr(D). Now, if pR was not 
associated to D, there would be a remarkable consequence, which is somewhat counterintuitive (note that, 
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in the situation below, the way we choose pi has nothing to do with the way how we choose di + i,di +2 , ■ ■ ■) 
and which is explained in the next remark. 



4.3.6 Remark 

Let R = k[[X\, . . . , X n ]] be a power series algebra over a field k in the variables Xi, . . . ,X n ; set / = 
(Xi, . . . , X n _ 2 )R, D := D(R™- 2 (R)) and Y := X x ■ . . . ■ X n _ 2 ; furthermore, assume that p £ I is a prime 
element of R such that there are infinitely many height two prime ideals associated to D and containing p 
(by theorem 4.3.4, this is true for example, if p £ (X„_i, X n )R holds) and such that pR ^ Assr(D). 

Then for any sequence (pi)igN of pairwise different elements of Ass/?(Hom^(i?/pi?, D)) and for any sequence 
(tii)i e N in D such that Ann^(di) = pi for every i £ N, there exists a number TV such that 

Ann R (d l+1 Y l+1 + d l+2 Y L+2 + ...)Cp, 

holds for every I > N (see the proof below for remarks on our notation) . 
Proof: 

It is well-known that H™~ 2 (R) is the cohomology in the n — 2-th degree of the Cech-complex 

— » R — » ©"^l-RXij — » ©l<ii<i 2 <n-2-Rx il X i2 i?X!...X„_ 2 — » ; 

Therefore we can write H™ _2 (i?) as 

fc[[X„_iX n ]][Xf 1 , X~* 2 ] ; 

by definition, this expression shall stand for 

®i 1 ,...,i rl _ 2 <ok[[X n _i, X n }] ■ Xl 1 ■ . . . ■ X^_ 2 2 

with the obvious i?-module structure on it. Using this, a straight-forward calculation shows 

D = k[X-\,X- 1 ][[X 1 ,...,X n . 2 }\ , 

where we use similar notation like above, i. e. we write the elements of D as formal power series in 
Xi, . . . , X n _ 2 and coefficients in 

Using this description of D it is clear that di+iY l+1 + di +2 Y l+2 + ... is an element of D for every I £ N. In 
the same way it is clear that the element 

d := d + Y ■ di + Y 2 ■ d 2 + . . . e D 

is well-defined. By construction p annihilates d and so, because of pR £ Assr(D), there exists r G Ann R (d) \ 
pR. We conclude 

= rd = rdo + rYd x + rY 2 d 2 + ... 

The height of every prime ideal associated to D is at most two and thus for every I € N either Ann^(rd;) = pi 
or rdi = holds. The latter condition is equivalent to r £ pi, which holds if and only if pi contains the ideal 
(r,p)R. Hence there are only finitely many I £ N such that rdi = 0, the set 

M := {I £ N\rdi = 0} 
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is finite. For every !eN\Mwe have 

Ann R (d l+1 Y l+1 + d l+2 Y l+2 + . . .) C Ann R (rd l+1 Y l + 2 + rd l+2 Y l + 2 + ...) = Ann R (rd + ... + rdtf 1 ) C p ; ; 
note that the last inclusion follows from lemma 4.3.7 below. In particular, for every I > maxM we have 

Ar mR (d l+1 Y l+1 + d l+2 Y>+ 2 + ...)C Pl , 

we can take N := maxM. 
4.3.7 Lemma 

In the situation of theorem 4.3.4, assume that d\, . . . , d n are elements of D such that for every i = 1, . . . , n 
the ideal Ann#(di) =: pi is a height-two prime ideal of D and such that the pi are pairwise different. Then 

Ann fl (rfi + ... + d n ) = Pl n...n Pn 

holds. 
Proof: 

By induction on n, the case n = 1 being trivial. We assume that n > 1 and that the lemma is true for 
smaller n. The inclusion D is trivial. Now, if there was an element r e Ann^((ii + . . . + d n ) \ pj for some 
i G {1, . . . , n}, we would have 

-rdi = rd 2 + . . . + rd„ 

and 

p2 n . . . n p n = Ann R (d 2 + . . . + d n ) C Ann R (rd 2 + . . . + rd n ) = pi , 
which would be a contradiction. 
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5 On the meaning of a small arithmetic rank of a given ideal 

We investigate the condition that the arithmetic rank of a given ideal is small in the sense that it is one or 
two. We start with an example of an ideal whose cohomological dimension is one but whose arithmetic rank 
is two (example 5.1); this makes the question when ara(/) < 1 holds more difficult; we present criteria for 
this condition and also for ara(7) < 2 (theorem 5.2.5 and corollary 5.2.6). While this works equally well in 
the local and in the graded case, we distinguish some subtle differences between these two cases in the third 
subsection 5.3. 

5.1 An Example 

We start with an example of an ideal I of a noetherian ring R where both = Hj(-R) = H/(i?) = • ■ • and 
ara(I) > 2 hold: Let k be any field and R — k[[x, y, z, w}] a power series ring over k in four variables. Set 

f = xw-yz , 

9i = V 3 - x 2 z, g 2 = z 3 - w 2 y 

and 

I=V(.f,9i,92)R ■ 

The ideal I C R is the complete version of the vanishing ideal of a rational quartic curve in projective three- 
space over k; it is well-known that / C R is a height-two prime ideal of R. We claim that both Hj(R/fR) = 
for every s > 2 and ara,(I(R/ fR)) > 2 hold (the last statement may be known, we include a proof for lack 
of a reference): 

Let j/o, • ■■ ,2/3 be new variables and set S := k[[yo, y\, y 2 , 2/3]]- Denote by R\ the three-dimensional subring 
Ri ■= k[[y yi, 2/02/2,2/12/3,2/22/3]] of S. The ring homomorphism 

R -> Ri,x 2/o2/i,2/ !-» 2/02/2, z h-> yiyz,w h-> 2/22/3 
clearly induces an isomorphism 

R/fR-R^CS) . 

Now consider the fc-linear map 

M2/o,2/i,2/2,2/3] fi i 

that sends a term y^y^y^yf 3 to y^'y^y^y^ 3 € i?i if a + «3 = «i + 0:2 holds, and to zero otherwise. 
Note that <p is well-defined by construction and naturally induces a map 

S = fc[[2/o,2/i,2/2,2/3]] ^> #1 • 

Now it is easy to see that (p is i?i-linear and makes R\ into a direct summand in S (as an i?i-submodulc). 
Thus Ilj(R/fR) is isomorphic to a direct summand of lij s (S). We have 

IS = {gi,92)S = ((yoy| - 2/i2/s) ■ 2/o, (2/02/1 - 2/i2/s) ■ (-2/1))^ 
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and 

VTs = (yoy 3 2 -y 3 1 y 3 )S . 
This implies R 2 IS (S) = and thus, by what we have seen above, Hf(-R//i?) = 0. 

Now we show &m{I(R/ f R)) = 2: We assume ara(/(i?//i?)) ^ 2; then we clearly have ara(I(R/ fR)) = 1. 
Let h £ R be such that 

= VHR/fR) 

holds. This implies 

VIS = VhS . 

We have seen before that 

VlS = (y y! - yfy 3 )S 
holds. S is a unique factorization domain and so there exist N > 1 and s £ S such that 

h = {yovl - yly 3 ) N ■ s and {y Q yl - yfy 3 ) J(s 

hold. From h £ i?i C S it follows that all terms y®" yi 1 y 2 2 y 3 3 m h £ S have the property cno + a3 = Qi + a 2 : 
on the other hand, all terms y^V^V^ 2 % 3 01 (2/o2/| — y\yz) N have the property (ctQ + a 3 )— (a\ + a 2 ) = —2N. 
So we can assume that all terms y^y^y^Uz 3 of s have the property (ao + as) — (ai + a^) = 2iV. But then 
s cannot be a unit in S and so 

(yo2/2 - vlvs)S = VhS = {y yl - y\y 3 )S n V^S 
clearly leads to a contradiction. 

5.2 Criteria for ara(J) < 1 and ara(7) < 2 
5.2.1 Remark 

Let (i?,m) be a noetherian local ring. By E := E.r(-R/iti) we denote an i?-injective hull of R/ra. Let / be an 
ideal of R. Then the following statements are equivalent: 

(i) ara(J) < 1. 

(ii) Hj(-R) = for i > 2 and 3/ £ I : f operates surjectively on Hj(-R). 

(iii) E}{R) = for i > 2 and 3/ £ I : f operates injectively on D(R}{R)). 

(iv) E\(R) = for 1 > 2 and I % UpeAss^H^))) P- 
Furthermore, if conditions (ii) or (iii) hold, we have \/l = \fjR- 
Proof: 

(ii) - (iv) are obviously equivalent, we show (i) ^=^> (ii): 

(i) => (ii): Assume \fl = xfjR for some f £ R. f clearly operates surjectively on Bj R (R); but \fl = \/fR 
implies R] = H} K - 

(ii) =>(i): H}(-) is right-exact on the category of R- modules. Therefore we have an exact sequence 

Rj(R) ± R}(R) - Rj(R/fR) - . 
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Thus B.}(R/fR) = holds, implying B.}(R/p) = for all p £ Spec(i?) containing /. But because of our 
hypothesis, this means that we have H)(R/p) = for all p £ Spec(i?) containing I and for all i > 1. Thus / 
must be contained in every prime ideal of R containing I. \fl = yfjR follows. 

5.2.2 Remark 

Now we consider the following situation (referred to from now on as graded situation): Let if be a field, 
I £ N, 

R = K[X ,...,X N ]/J 

(N £ N, J C K[Xo, . . . , Xn] a homogenous ideal, where every Xi has a multidegree in N'), 

I C R a homogenous ideal, 

m the maximal homogenous ideal (X , ■ ■ ■ ,Xjy)R of R, E := Efl(i?/tn) an i?-injective hull of R/m; E has a 
natural grading and serves also as a *-i?-injective hull of R/m. Here we follow the use of ^-notation from 
[BS, in particular sections 12 and 13]. *D shall denote the functor from the category of graded i?-modules 
to itself defined by 

(*D){M) := *Hom fl (M,E) 
for a graded i?-module M. We define the homogenous arithmetic rank of I to be 

ara' l (J) := min{Z £ N|3n, . . . , n £ R homogenous : V7 = y/(r\, . . . , 

and we set 

I h := {x £ I\x is homogenous} . 

Now, just like in the local case, one can show that the following statements are equivalent: 

(i) ara h (7) < 1. 

(ii) Hj(-R) = for i > 2 and 3 homogenous f £ I : f operates surjectively on H/(-R)- 

(iii) H}(-R) = for i > 2 and 3 homogenous / £ I : f operates injectively on (*D)(H 1 I (R)). 

(iv) WAR) = for i > 2 and I h % U pe A SSK ((*z>)(H}(K))) P- 
Furthermore, if conditions (ii) or (iii) hold, we have VI = s/JR. 

5.2.3 Definition 

Let (i?, m) be a noetherian local ring and X C Spec(i?) a subset. We say that X satisfies prime avoidance 
if, for every ideal J of R, 

jc Up 

pex 

implies 

3p £ X : J C p . 

5.2.4 Definition 

In the graded situation, let X C Spec h (R) := {p £ Spec(i?)|p homogenous} be any subset. We say that X 
satisfies homogenous prime avoidance if, for every homogenous ideal J of R, 

J h c\Jp 

pex 
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implies 

ap € X : J C p . 

5.2.5 Theorem 

(i) Let (R, m) be a noetherian local ring and I an ideal of R such that 

= H?(ii) = H?(i2) = ... (1) 

holds. Then 

ara(I) < 1 <=^> Ass^(£>(H/(-R))) satisfies prime avoidance . 

(ii) Let R be graded and I C i? an homogenous ideal such that = Hj = Hf (i?) = . . . . Then 

ara' l (/) < 1 ^=^> Assr((*D)(~Hj(R))) satisfies homgcnous prime avoidance . 

Proof: 
(i) We set 

D := D(n}(R)) . 

=>: Let J C R be an ideal such that 

U P • 

peAss R (D) 

We claim that Honifl(i?/J, Z?) 7^ 0. Assumption: Hom^(i?/J, £)) = 0: It is a general fact that for every ideal 
K C R and every i?-module M one has 

Hom R (R/K,D(M)) = D(M/KM) . 

(Proof of this general fact: If K = (ki, . . . ki)R for some k\, . . . , ki £ R, the exact sequence 

Rl ^ can. R/K ^ Q 



induces an exact sequence 
The functor D is exact and so we get an exact sequence 



M i (fci,_^,fci) M can. m/km ^q . 



— > D(M/KM) C ^?' D(M) D(M) 1 , 

from which the statement Hom fl (i?/A', £>(M)) = D{M / KM) follows.) 

We apply this general fact in the case K — J, M = Hj(-R) and conclude that 

= Rom R {R/J, D(B](R))) = D(hJ(^)/^H}(^)) = ^(Hj(-R/J)). 

For the last equality we use the fact that the functor H/ is right-exact (because of hypothesis (1): = 
Hj(-R) = Hf (-R) = ...). But D(H}(-R/J)) = implies that R^R/J) = 0. Again, because of hypothesis (1), 
it follows that nj(R/p) = for all prime ideals p of R containing J. Clearly the last condition implies / Cp 



ki 
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for all p containing J, that is J C \fj . There is an x £ R such that \J1 = \J xR. Hence x l £ J for I » 0. 
So there is a p e Assh(D) containing x. Now we have 

= ui R {R/p) = U)(R/P) 

and thus 

= D(K}(R/p)) = Rom R (R/p,D(R}(R))) 

contradicting p £ Ass R (D). Thus the assumption Hom^(i?/ J, D) = is false and the claim Hom R (R/ J, D) ^ 
is proven; so there exists a d £ D\ {0} such that J C ann R (d). 

<=: We have to show the existence of an x £ I operating surjectively on H}(R). Assume to the contrary 

*<= u *> ■ 

peAss R (D) 

From the hypothesis we get a p € Ass^(-D) such that J C p . But this po would satisfy 

± H}(i?/Po) = . 

(ii) The proof consists mainly of a graded version of the proof of (i): 
=>: Let J C R be an homogenous ideal such that 

J h C |J p 

peAss H ((*D)(H}(iJ))) 

and x £ i?' 1 an element such that \[l = VxR. We assume 

Ilom R (R/J, * Hom fl (H}(i2), E)) = 

and remark that for the first Horn (in the preceding formula) it would not make any difference if we replaced 
Horn by * Horn. This implies 

* Rom R ((R/J) (g> R B.j{R), E) = 

and hence ~H.}(R/J) = 0. Thus I C q for all prime ideals q of R containing J. This implies the existence of 
a po € AsSij((*D)(Hj(i2))) such that x £ p contradicting Ej(R/po) ^ 0. 

<*=: We assume that for every x £ I h there exists ape Ass_r((*D)(H/(-R))) such that x £ p, i. e. 

I h c (J p . 

peAss H (* Hom R (H}(fl),E)) 

There is a po S Ass_r(* Hom^(H/(i?), E)) containing /, contradicting H/(-R/po) 7^ 0. 
Theorem 5.2.5 implies criteria for ara(7) < 2 resp. for aia h (I) < 2: 
5.2.6 Corollary 

(i) Let (R, m) be a noetherian local ring and / an ideal of R. Then ara(I) < 2 if and only if there exists g £ I 
such that = }ij(R/gR) = B^(R/gR) = . . . and such that Ass R (D{R 1 I (R/ gR)) satisfies prime avoidance. 
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(ii) Let R be a graded ring and I an ideal of R. Then ara ft- (I) < 2 if and only if there exists a homogenous 
g e I such that = Rj(R/gR) = H^(R/gR) = . . . and such that Ass R (D(n}(R/gR)) satisfies homogenous 
prime avoidance. 
Proof: 

=>■ follows immediately from theorem 5.2.5 (i) resp. (ii); for the other implication observe that the conditions 
on the right side imply a,va R / gR (I/(gR)) = 1 resp. ara^ gR (I /{gR)) = 1 again by theorem 5.2.5 (i) resp. 

(")• 

5.3 Differences between the local and the graded case 

5.3.1 Lemma 

Let R be a graded domain and / <G R\{0}. Then the ideal \ZJR is homogenous if and only if / is homogenous. 
In particular, for any homogenous ideal / of R we have 

ara(J) < 1 ara /l (7) < 1 . 

Proof: 

<= is clear. =>: R is N ( -graded. This given grading may be seen as I given N-gradings on R and so we may 
assume I = 1. Let S := deg(/). Then / d -(=degree-5-part of /) G \/jR, i- e. 3n e N + and 3g £ R : f$ = fg. 
R is a domain and so / (as well as g) must be homogenous. 

5.3.2 Remark 

In the graded situation, given graded i?-modules M and N, 

* Rom R (M, N) C Hom fl (M, AT) 

holds. For finite M one has equality here, but for arbitrary M equality does not hold in general. In fact one 
has 

Ass R (*Rom R (M,N)) C Ass R (Rom R (M, N)) 

in general as we will see below in the case M — nj(R), N = E := E_R(i?/m); then we will also see that, in 
some sense, Ass/{(Hom7j(H}(i?), E)) is much larger than Ass_r(* Rom R (nj(R) 7 E))- 

5.3.3 Definition and remark 

Let R be a graded ring and / C R homogenous ideal such that = H|(i?) = H/(i?) = Let / <G / be an 

element, not necessarily homogenous. Now we define two conditions on / and /: 

(Cl) V peA S s H (Hom H (H}(ii),E))/ ^ P 

(C2) V peA SSH (*Hom R (H}(iJ),E))/ t P 

Condition [C\) is just a reformulation of \f[T) = y/fR (see the proof of remark 5.2.1). In contrary to (Ci), 
all objects in (C2) are graded and so condition (C2) may be seen as a graded version of the condition "f 
generates I up to radical"; furthermore (Ci) clearly implies (C2). 
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Terminology: For a given homogenous ideal I of R and a given element / £ I we say that condition (d)(I; /) 
holds if id) holds for I and / (a = 1,2). 

In the next section we will investigate to what extent condition (Ci) differs from condition (C2). Theorem 
5.3.5 will show that there are (in fact many) non-homogenous / £ I such that (C*2)(/;/) holds, but there 
are no non-homogenous / £ I such that (Ci)(J; /) holds. 

5.3.4 Remark 

It is easy to see that for every homogenous element g £ I the conditions (Ci )(/;/) and {C-2){I;f) are 
equivalent. 

5.3.5 Theorem 

(i) Let I be a homogenous ideal of a graded ring R such that ara h (I) < 1. Let g\, . . . ,g n £ I \ {0} be 
homogenous of pairwise different degrees (in N z ) and such that 

\fl = ^{gi, . . .,g n )R . 

Then 

(C 2 ) {I; gi + ...+. g n ) holds. 

(ii) Let / be a homogenous ideal of a graded ring R (and such that = Rj(R) 
be a non-homogenous element. Then 

(Ci )(I;g) does not hold. 

Proof: 

(i) We have ~H_j(R/(gi, . . . , g n )R) = and hence 

{gx,...,g n )R%p 
for all p £ Ass fl (*HoniR(ll}(-R),E)). Theorem 5.2.5 (ii) implies 

{{ 9l ,...,g n )R) h % |J p . 

peAss H (* Hom R (H}(K),E)) 

Because of the different degrees of the gi we conclude 

{gi + ... + g n )R % |J P 

peAss R (* Hom H (H}(fl),E)) 

and the statement follows. 

(ii) The first statement of lemma 5.3.1 implies that if R is a graded domain and I C R is a homogenous 
ideal such that ara(I) < 1 ( ^=> ara h (J) < 1), every non-homogenous g £ I does not operate injectively on 
Homfl(H}(i?), E). Furthermore, if ara(I) > 1 ( ara h (J) > 1), it is clear (use the ideas of section 5.2) 
that no g £ I operates injectively on Hom^(H/(i?), E). 

5.3.6 Remark 

While in the situation of theorem 5.3.5 statement (i) says there are (many) non-homogenous / £ I operating 
injectively on (*D)(h}(-R)), (ii) says there are no non-homogenous / £ I operating injectively on D(nj(R)). 



= Hf(i?) = ...)• Let g£l 
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6 Applications 

6.1 Hartshorne-Lichtenbaum vanishing 

The (more difficult) part of Hartshorne-Lichtenbaum vanishing theorem (for another reference, see, e. g., 
[BS, 8.2.1]) says that for an ideal I in a noctherian local complete domain (R, m) there is the implication 

We present two new proofs for it: theorem 6.1.2 works with the normalization of R and the Matlis dual of the 
local cohomology module in question, while theorem 6.1.4 uses the fact that, over a noetherian local complete 
Gorenstein ring (5,m) of dimension n + 1 and every height n prime ideal ^3 in S, one has D(H^(S)) = Sy/S 
(this is lemma 3.2.1); it is remarkable that the proof of theorem 6.1.4 uses (this is hidden in the proof of 
lemma 6.1.3) the ring structure on S<$. 

6.1.1 Theorem 

Let (R, m) be a noetherian local ring and M a finitely generated i?-module. Then Hm ims(M) (M) ^ 0. 
Proof: 

It is well-known and not difficult to see that for every n G N, every ideal I <Z R and every finitely generated 
i?-modulc N the following statements are equivalent: 

(i) Hj (N) = for alH > n. 

(ii) H\(R/p) = for alH > n and all p e Sup Pi? (7V) 

This fact implies (setting d := dim^(M) = dim(i?/ ann#(M))) H^(M) ^ H^(-R/ ann fl (M)) ^ 0. 

Thus we may assume that M — R and R is a domain. Again, we set d := dim(i?) and choose a system 
of parameters Xi, . . . , e R for R. Theorem 3.1.3 (ii) implies {0} e Ass_R(£>(Hm(-R))); in particular, 

nt(R) + o. 

6.1.2 Theorem 

Let (R, m) be a noetherian local complete equicharacteristic domain, n :— dim(i?) > 1 and / C R an ideal. 
Then 

H?(i?)^0 VI = m 

holds. 
Proof: 

<J= follows from theorem 6.1.1. =>: By induction on n, the case n = 1 being trivial; we assume that n > 1 
and that the theorem is true for smaller n. Let R be the normalization of R. R is a noetherian local (as 
R is a domain) complete equicharacteristic domain and is module-finite over R, i. e. dim(i?) = dim(i?); we 
denote the maximal ideal of R by m^. One has H"^(i?) = BJ}(R) ^ 0, because of Supp fi (i?) = Spec(i?). It 
suffices to show \J IR = and so we may assume that R is normal. 

We choose x\, . . . ,x n € I such that \J (x±, . . . , x n )R = \fl and define the subring Rq :— k[[x\, . . . , x n ]] of R, 
where k is any fixed coefficient field of R; by mo we denote the maximal ideal of i?o • Because of H^o (R) ^ 
we may conclude dim(i? ) = n, i. e. R is a formal power series ring over k in the n variables x\,. . . ,x n . 
We set 

x := X!,I X := {r G i?|V ¥ , eH om Ho (fl,fl )^W € ^o} • 
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I x is an ideal of R such that R ■ x C 7 X ; furthermore, we have I x C i? because of 

O^Hom^HPOR^EijoW) • 

For every r E I x and every 93 e Hom^ (i?, i?o) we have im(r • 93) C Rq ■ x and thus there exists y>o € 
HoniR (_R, i?o) such that r ■ ip — x ■ ipo. Therefore, - operates in a canonical way on the finite i?-modulc 
Honifl (R, i?o) (note that H™ (-R) is artinian as surjective image of the artinian i?-modulc Hj^(i?); we conclude 
that j (as an element of Q(R), the quotient field of R) is integral over R; But R is normal and so we have 
r G R ■ x; this implies I x = R - x. We have 

Ann iJ (Hom iJo/xiJo (ii/7 x , Rq/xRq)) = I x = R-x 

and for every e AsSi{(Horn Ro / xi j (.R// x , Rq/xRq)) there exists a non-trial i? /xi? -linear map R/ty — » 
Ro/xRo; by an easy Matlis duality argument, we conclude H/ l l (^/^P) 7^ and, therefore, height(<P) = 1 
and sjl + *p = m (induction hypothesis). We have shown 

Ass R (Rom Ro/xRo (R/I x ,Ro/xR )) = Mm R (R/xR) 

and y/I + <p = m for every <P € M\n R (R/xR). Now, because of 

<PeMin R (iJ/a:K) 

it follows that \/T = m. 

6.1.3 Lemma 

Let (5, m) be a noetherian local regular ring, !fCSa prime ideal and / <G ^ an irreducible element. Then 

/ operates injectively on Ss$/S. 

Proof: 

We take a primary decomposition 

fS v = qi n . . . f~l q n 

of f Sy such that hcight(qi) = 1 (i = 1, . . . , n). / e *P implies n > 1. Clearly we have / <E qi n S 1 and 
qi H 5 C S is a primary ideal of height one (the canonical map S — > S«p is flat and thus going-down holds). 
On the other hand fS C 5 is a prime ideal of height one. Therefore we have 

/s^in5D/%ns 

and hence fS = fS<$ n 5. The statement follows. 

6.1.4 Theorem 

Let (R, m) be a noetherian local complete domain and I C i? an ideal such that C m. Then 

H dim W(i?)=0 

holds. 
Proof: 
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Set n := dim(i?). For proper ideals I\ C I 2 of R the canonical map H" 2 (-R) — > H/^-R) is surjective and so 
we may assume / is a prime ideal of R of height n — 1. Now we choose S, Q and p as in lemma 3.2.2. Then 
we have 

H dim(fl) (i?) = H di m( fl) (5//5) ^ 

(/ is a generator of the height one prime ideal ker(p). Lemmas 3.2.1 and 6.3.1 imply that / operates 
injectively on /^(Hq™^ (&)) an d thus the statement follows. 

6.2 Generalization of an example of Hartshorne 

The idea of this subsection is that, by Theorem 4.3.4, the Matlis duals of certain local cohomology modules 
have infinitely many associated prime ideals; but then this local cohomology module can not be artinian. It 
turns out that this leads to a generalization of an example of Hartshorne ([Hal, section 3]); more details on 
this generalization can be found in [HS2, section 1]. The author thanks Gcnnady Lyubcznik for drawing his 
attention to this example. 

6.2.1 Example 

Let k be a field, R = k[[Xi,X 2 , X 3 ,X 4 ]] a power series algebra over k in four variables, I = (Xi,X 2 )R and, 
for every A £ k, define 

p x :={X 3 + XX u X 4 + XX 2 )R . 

Clearly, every p\ is a height two prime ideal of R and, by theorem 3.1.3 (v), is associated to D = D(B 2 I (R))- 
On the other hand, for every A £ k, one has 

p := X x Xi + X 2 X 3 £ p A 

(because of p = X\{X 4 — XX 2 ) + X 2 (X 3 + XX i)). Therefore, at least if k is infinite, D has infinitely many 
associated primes containing p. This implies that 

Rom R (R/pR, D) 

cannot be finitely generated. But Hohir (R/pR 7 D) is the Matlis dual of 

Rj(R/ P R) 

and so R^R/pR) cannot be artinian. 

6.2.2 Remark 

This is essentially Hartshorne's example ([Hal, section 3]), the main difference is that Hartshorne works over 
a ring of the form k[X 3l X±\^X\, X 2 }], while we work over a ring of the form k[[Xi,X 2 , X 3} X4}]; but the two 
versions are essentially the same, because the module 

H( Xl ,x 2) (M*3, X 4 ][[X 1 ,X 2 ]]/(X 1 X 4 + X 2 X 3 )) 

is naturally a module over &[[Xl, X 2 , X 3} X4}], because its support is {(X\, X 2 , X 3 , X4)}. This is true, 
because for every prime ideal p 7^ (X\, X 2 , X 3 , X4) of k[X 3 , Xi][[Xl, X 2 ]] containing X1X4 + X 2 X 3 the 
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ring (k[X 3 , X 4 ][[Xi, X 2 }}/ {X\X 4 + X 2 X 3 )) V is regular, and so Hartshorne-Lichtenbaum vanishing shows that 
R 2 {XuX2) (k[X 3 ,X 4 }[[X 1 ,X 2 }}/(X 1 X 4 + X 2 X 3 )) p =Q. 



A similar technique like in the example above works to show that K™~ 2 (R/pR) is not artinian in the 
general situation R = k[[Xi, . . . , X n }], n > 4, I = (Xi, . . . , X n _ 2 )R and p e R a prime element such 
that p G (X n _i,X n )R, even if the field k is finite: 



6.2.3 Theorem 

Let k be a field, n > 4, R = k[[X u . . .,X n ]], I = {X x , . . 
p € (X n -i,X n )R. Then K™~ 2 (R/pR) is not artinian. 
Proof: 

Set D := D(U™~ 2 (R)). Ifp&I, it is easy to see that 



. ,X n - 2 )R and p e R a prime element such that 



Su PPfi (Hr 2 (i?/pi?)) = V(J + pi?) , 

the set of prime ideals of i? containing I+pR, and so H™~ 2 (R/pR) is not artinian (it is not zero-dimensional). 
We assume p £ I: If Hj~ 2 (R/pR) was artinian, _D(H7~ 2 (i?/pi>0) would be finitely generated; but we have 
seen before that, because of the exactness of D and the right-exactness of H^ 2 , 

D(R r r 2 (R/pR)) =Rom R {R/pR,D) , 

and from Theorem 4.3.4 we know that the latter module is not finitely generated (it has infinitely many 
associated prime ideals). 

6.2.4 Remark Marley and Vassilev have shown 
Theorem ([MV, theorem 2.3]) 

Let (T, m) be a noetherian local ring of dimension at least two. Let R = T[x\ 1 . . . ,x n ] be a polynomial 
ring in n variables over T, I = (x\, . . . ,x n ), and / e R a homogenous polynomial whose coefficients form a 
system of parameters for T. Then the *socle of ^(R/fR) is infinite dimensional. 

In their paper [MV], Marley and Vassilev say (in section 1) that Hartshorne's example is obtained by letting 
T = k[[u, v]],n = 2 and / = ux + vy; there is a slight difference between the two situations that comes from 
the fact that Hartshorne works over a ring of the form k[x, y}[[u, v]] while Marley and Vassilev work over a 
ring of the form k[[u, v]][x, y\. The two rings are not the same. But, as 

Supp R (R 2 {uv) (R/(uy + vx))) = {(x,y,u,v)} 

(both for R = k[x, y] [[w, v]] and for R = k[[u,v]][x,y]), the local cohomology module in question is (in both 
cases) naturally a module over fc[[x,y,w, v}} and, therefore, both versions are equivalent, i. e. the result of 
Marley and Vassilev is a generalization of Hartshorne's example. 

6.2.5 Remark 

[MV, theorem 2.3] and theorem 6.2.3 are both generalizations of Hartshorne's example, but, due to different 
hypotheses, they can only be compared in the following special field, n > 4, 

R = fc[[X„_i, X„]][Xl, . . . ,X„_ 2 ] , 
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R = k[[X 1 ,...,X n }] , 

/ = (Xi, . . . , X n - 2 )R, P € Ro a homogenous element such that p is prime as an element of R. Then [MV, 
theorem 2.3] says (implicitly) that 

is not artinian, if the coefficients of p € Ro in fc[[X„_i, JT„]] form a system of parameters in k[[X n _i, X n ]], 
while theorem 6.2.3 says that the same module is not artinian if none of these coefficients of p is a unit in 

k[[X n - lt X n ]]. 

6.3 A necessary condition for set-theoretic complete intersections 

Let (R, m) be a noetherian local ring and I = (x\,.. . ,Xi)R = I C R a set-theoretic complete intersection 
ideal (in the sense that its height is i). Then Hj(-R) ^ (this can be seen by localizing at a height-i prime 
ideal of R containing /). On the other hand, statement (ii) from theorem 6.3.1 below presents a necessary 
condition for R}(R) ^ 0. 

6.3.1 Theorem 

Let (R, m) be a noetherian local complete domain containing a field k and x\,...,Xi a sequence in R (i > 1). 
Define Rq := k[[xi, . . . , Xi]] as a subring of R. 

(i) The following two statements are equivalent: 

(«) H l (xi ,... ;Xi)fl (^) ^ 0. 

((3) Rom Ro (R, R ) ^ and dim(i? ) = i. 

(ii) If the equivalent statements of (i) hold, one has 

RnQ(R )=R , 

where Q(Ro) denotes the quotient field of Ro and where the intersection is taken in the quotient field Q(R) 

of R. 

Proof: 

We denote the maximal ideal of Ro by mo- 

(i) We have 

H % ( Xl ,...,x i )R( R ) = R ®Ro H( a , li ... iXi)flo (i?o) 

and, thus, H( Xl Ki )R (^o) 7^ implies dim(i? ) = i\ therefore we may assume that Ro is a formal power 
series ring in x\, . . . ,Xi. Therefore, we may assume that Ro is i-dimensional. Let ER (k) be a fixed Rq- 
injective hull of Rq- We have 

Hom fio (H' (xii ... ;Xi)iJ (ii), Efl (fc)) = Hom flo {R ® Ro H' (xii ... ;Xi)flo {R ),Er (k)) 

= Rom Ro (R, Hom flo (H( Xli ... iX . )flo (i?o),Efl (A;))) 
= Hom flo (i?, i? ) , 

where we have used the fact that Ro is a formal power series ring in x\, . . . , Xi over k. This identity shows 
the stated equivalence. 

(ii) Under the given assumptions, we have Honifl (i?, i? ) ^ 0. Let 

ip e Hom flo (7?, Rq) 
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be any non-zero element and let r € i?o \ {0}, reiJ such that r ■ r e i?o- We have to show r e i? : We set 



:= r r 



and conclude 



This shows 



On the other hand, we have 



and thus 



r (p(r) = <p(r' ) = r' <p(l) . 



V (l)r = <p(l)^ = ip(r)eR . 



12 2 2 



W)=r^(l) 



and 



Continuing in the same way, one sees that, for every I > 1, one has 
But this implies that the i? -module 

ip(l)- < l,r,r 2 ,...> Ro 

is finitely generated (< 1, r. r 2 , . . . > Ro stands for the i? -submodule of R generated by 1. r. r 2 . . . .). But, as 
R is a domain, 

< l,r,r 2 ,... > R 
is then finitely generated, too, i. e. r is necessarily contained in i? - 



6.4 A generalization of local duality 

Over some rings (e. g. over complete Cohen-Macaulay rings), there is a correspondence between certain 
Ext-modules on the one hand and certain local cohomology modules on the other hand; this correspondence 
is given (in both directions) by taking the Matlis dual and is called local duality. This result can c. g. be 
found in [BS, section 11]. In the form in which it is usually presented, local duality works only if the support 
ideal is m, i. e. if one takes local cohomology with support in m. But, below we generalize this result to a 
large class of support ideals /. 

6.4.1 Theorem 

Let (R, m) be a noetherian local ring, / C R an ideal, fceN such that 

H/OR) ^ I = h 

holds and M an i?-module. Then, for every j e {0, . . . , h}, one has 

Ext5j(M,D(H?(i2))) =D{U h r\M)) . 
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Proof: 

We take the sequence of functors (D o H/~')ieN from the category of i?-modules to itself; of course, Hf 1 = 
for every M < 0. Given a short exact sequence of i?-modules 

— > M' — » M — > M" — > , 
we clearly get an exact sequence of the form 

- D(H?(M")) - £>(H?(M)) - D(H?(M')) -> 

-^(hJ-^m"))-... 

(note that, by our hypothesis, H/ +1 (M') = M'(g) fl H/ +1 (i?) =0). In the case i = 0we get, for any i?-module 

M, 

£>(H?(M)) = Hom i? (H?(M),Ei?(i 1 , /m)) 

= Hom K (M ® fl H?(fl), Er(R/vci)) 

= Rom R (M,Rom R (R'}(R),E R (R/m))) 

= Rom R (M,D(R l }{R))) . 

Finally, for every i > and every to e N, we have B h I -\R m ) = and hence H?" 4 (F) = for every free 
i?-module F; we get 

D(H? _i (F)) = 

for every i > and every free i?-module F. By some well-known homology theory, the last three properties 
imply our statement. 

6.4.2 Remark 

If, in the situation of theorem 6.4.1, R is complete and Cohen-Macaulay and I = m (then h = dim(i2) 
necessarily), the statement takes the form 

Ext l fl (M,£(Hm m(ii) (i?))) = Ddrir (fl)_< (M)) 

for every i?-module M and every i £ {0, . . . , dim(i?)}. If we assume furthermore that M is finitely generated, 
then Hm im ^ _ *(M) is artinian and the above statement implies (in fact, is equivalent to) 

D(E^ R (M,D(H d ^ R \R)))) =Hm im(fl)_i (M) . 

We study the i?-module D(H^ a ^ R \R)): By Matlis duality, it is finitely generated. We calculate its type, 
which is defined as the following i?/m-vector space dimension: 

dun R/m (E^ R imW (R/m,DC^ R \R)))) = dim R/m (D(R° m (R/m))) = 1 

(note that, for the first equality, we use theorem 6.4.1 again). The m-depth of D(R^ m(H) (R)) is dim( J R) 
(this follows from theorem 1.1.2, take any parameter sequence x of R, it will be a regular sequence on 

is a maximal Cohen-Macaulay module (over R). By definition, these 

properties show that 

D(^ R \R))=:u; R 

is a canonical module for R, and the statement of theorem 6.4.1 becomes 

D(Ex4(M, WjJ ))=H^ im(ii) - i (M) . 

Clearly, this is a version of the local duality theorem (see, e. g., [BS, section 11] for more details on local 
duality) . 
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7 Further Topics 



7.1 Local Cohomology of formal schemes 

In some cases we can consider the Matlis duals of local cohomology modules as certain local cohomology 
modules of the structure sheaf of some formal scheme (see [Og, in particular section 2]), here are the details: 

7.1.1 Remark 

Let (R, m) be a noetherian local Gorenstein ring and / an ideal of R. We define 

X := Spec(i?),y := V(/) , 

i. e. Y is the closed subscheme of X defined by I. We denote by X the formal completion of X along Y 
and by p the closed point of the topological space underlying X (note that as topological spaces X and X 
are the same). Then, for every igN, there is a canonical isomorphism 

r;(x,o x ) = D(nf m{R) - i (R)) 

(see [Og, 2.2.3]). This follows essentially from local duality, the fact that H l m (R/I v ) is artinian for every 
v > 1 and the existence of a short exact sequence 

-» R 1 invlhm, ^(R/F) -» %{X, O x ) -> invlim* K,{R/I V ) -> . 

Note that local cohomology of a (formal) coherent sheaf on a formal scheme is defined in the sense of 
Grothendieck, i. e. as (local) cohomology of an abelian sheaf on a topological space. 

7.2 £)(H}(-R)) has a natural Z?-module structure 

Let A; be a field and R = k[[Xi, . . . X n \] a power series ring over k in n variables. Let 

D(R,k) C End fc (i?) 

be the (non-commutative) subring defined by the multiplication maps by r £ R (for all r £ R) and by all 
fc-linear derivation maps from R to R. D := D(R, k) is the so-called ring of fc-linear differential operators 
on R. [Bj] contains material on the ring D(R, k) and on similar rings; D-modules in relation with local 
cohomology modules have been studied in [Lyl]. For i = 1, . . . , n let di denote the partial derivation map 
from R to R with respect to Xi. Then, as an i?-module, one has 

(1) D(R,k) = ® ilt ..., ineN R-d?...di? . 

Now, let / C R be an ideal and ieN. We will demonstrate that there is a canonical left-D-module structure 
on D(~H.}(R)) (the following idea was inspired by Gennady Lyubeznik). To do so, by identity (1), it is 
sufficient to determine the action of an arbitrary fc-linear derivation 5 : R — > R on Z)(H/(-R)), to extend it 
to an action of D(R, k) on D(H)(R)) and to show that this action is well-defined and satisfies all axioms of 
a left-D-module. The derivation S induces a fc-linear map 

R/I v -» R/T"- 1 (v > 1) 
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and, in a canonical way, a map of complexes from the Cech complex of R/I v with respect to Xi, . . . , X n to 
the Cech complex of Rjl v ~ 1 with respect to X\, . . . , X n (v > 1). By taking cohomology, we get a map 



where m stands for the maximal ideal of R. These maps induce a map 



invhm^NtHr^/n) - invhm„ eN (Hr l (^/^)) 



(note that the maps of the above inverse system are induced by the canonical cpimorphisms R/I v — > RjT" 1 ). 
But, by local duality and H}(-R) = dir\im ve ^(Ext R (R/I v , R)), one has 



Now, having determined the action of the element 5 on D(H\(R)), by (1) it is clear how to extend this to an 
action of D{R 1 k) on D(H}(R)) such that D(B t I (R)) becomes a left-£>-module (note that, for every /c-linear 
derivation S : R — > R and every r € R, we have 8{r ■ d) = 5(r) ■ d + r ■ 6(d), i. e. the action of D on D(u t I (R) 
makes it a left-D- module). We have seen (in various situations) in sections 2, 3 and 4, that, in general, 



has infinitely many associated primes. On the other hand, one knows from [Lyl, Theorem 2.4 (c)] (at least 
if char(fc) = 0), that every finitely generated left-D- module has only finitely many associated prime ideals 
(as i?-module, of course). This shows that, in general, D{R l I (R)) is an example of a non-finitely generated 
left-D-modulc. In particular, D(~H}(R)) is not holonomic in general (see [Bj] for the notion of holonomic 
modules). 

7.3 The zeroth Bass number of D(H}(R)) (w. r. t. the zero ideal) is not finite in general 

Let (R, m) be a noctherian local domain, i > 1 and x\, . . . ,Xi £ R. Then, as we have seen in theorem 3.1.3 
(ii), one has 



where Q(R) stands for the quotient field of R. As we will see below, this number is not finite in general; 
more precisely, we consider the following case: Let k be a field, R = k[[X\, . . . , X n ]] a power series algebra 
over k in n > 2 variables, 1 < i < n and / the ideal (X\, . . . , X{)R of R; in this situation 



invlim„ eN (Hr i (-R/^)) - D(dhlim veN {Ext z R {R/r,R))) = D{R\(R)) 




I It, ,, ,rl" * holds. It is 

the Q(i?)-vector space dimension 



dim Q(fl) (D(H}(i?)) ®r Q{R)) = oo 



holds, see theorem 7.3.2 below for a proof. 
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7.3.1 Remark 

Note that in section 4.3 (see, in particular, the proof of remark 4.3.6) we introduced some notation on 
polynomials in " inverse variables" and we explained and proved (note that the situation here is more general 
then in remark 4.3.6, where i was n — 2, but the proof of 4.3.6 works in this more general situation too) the 
following formulas: 

E i I (R) = k[[X i+1 ,...,X n }}[X^ 1 ,...,X^} , 
E R (k)=k[X^ 1 ,...,X- 1 ] 

and 

D(R}(R)) = k[X7 + \, . . . .X" 1 ]^, . . .,Xi]] . 
Also note that the latter module is different from and larger than the module 

k[[x u ...,x i ]][xr + \,...,x-'] . 

The following proof is technical; its basic idea is the following one: Let k be a field, R = k[[X, Y]] a power 
series algebra over k in two variables; then we have 

H 1 x R (R) = k[[Y]][X- 1 } 

and 

D:=D(R 1 XR (R)) = k[Y- 1 ][[X}} . 

Set 

d 2 :=J2Y- l ' 2 X l 
zeN 

= 1 + Y^X + Y- 4 X 2 + Y- 9 X 3 + ...GD 
and let r £ R \ {0} be arbitrary. Because of r ^ we can write 

r = X a+1 -h + X a -g 

with some h € R,g £ k[[Y}] \ {0}. Then, at least for / >> 0, the coefficient of r ■ d 2 in front of X 1 is 
for some h* G fc[[V]]- Now, if we write 

g = c b Y b + c b+1 Y b+1 + ... 
for some b € N, q, ^ and observe the fact 

-{l-af+b< -{l-a-lf (l»0) , 

it follows that the term 

c b -Y- (l -^ 2+b 

(coming from h* ■ y-f'- - 1 ) 2 -f g . y-( ( - a ) 2 ) cannot be canceled out by any other term. In fact, for I » 0, 
the lowest non- vanishing F-exponent of the coefficient in front of X 1 , is — (I — a) 2 + b. The crucial point is 
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that the sequences — (I — a) 2 + b and — I 2 agree up to the two shifts given by a and b. This means that some 
information about cfo is stored in rcfo. 

7.3.2 Theorem 

Let He a field, R = k[[X\, . . . , X n ]] a power series algebra over k in n > 2 variables, 1 < i < n and I the 
ideal (X u ..., X,)R of R. Then 

dim Q(Jl) (£)(Hj(iJ)) ®r Q(R)) = oo 

holds. 
Proof: 

As the proof is technical we will first show the case n = 2,i = 1; in the remark after this proof we will 
explain how one can reduce the general to this special case. Set X = Xi,Y = X 2 and 

D:=D(B 2 (R)) = k[Y-%X}] . 

For every n G N \ {0}, set 

zeN 

It is sufficient to show the following statement: The elements (d n ® l)„ eN \{ } m D ®r Q(R) are Q(i?)-linear 
independent: 

We define an equivalence relation on Z N (the set of all maps from N to Z, i. c. infinite sequences of integers) 
by saying that (a n ), (b n ) € Z N are equivalent (short form: (a n ) <~ (b n )) iff there exist N,M € N and p e Z 
such that 

ajv+i = &m+i + P, in +2 = &M+2 + P, • • • 

hold. It is easy to see that ~ is an equivalence relation on Z N . For every d e D, we define 5(d) £ Z N in the 
following way: Let // £ be the coefficient of d in front of X 1 ; we set 

(6(d))(l) :=0 

if /; = and 

WW) ~8 

if s is the smallest Y"-cxponent of i. e. 

/, = c s Y s + c s+1 Y s+1 + ... + co-l 

for some c s ^ 0. 

Now suppose that n, . . . ,r„ e i? are given such that r„ 7^ 0. We claim that 

£(ndi + • + r na d no ) ~ <5(c? no ) 

holds. Note that if we prove this statement we are done, essentially because then r\d\ + . . . + r no d no can not 
be zero. 
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It is obvious that one has S(d + dl) <~ <5(djv 2 ) for given d,d' £ D such that 

5(d)~6{d Nl ),6(d')~6{d N2 ),N 2 >N 1 . 

For this reason it is even sufficient to prove the following statement: For a fixed n <G N \ {0} and for any 
r G R \ {0} one has 

6(rd n ) <~ S(d n ) . 

We can write 

r = X a+1 -h + X a -g 
with a G N, ft G fc[[X, F]] and 3 G \ {0}. We get 

5{r ■ d n ) ~ <5( ^ (/ l r- ( '- a - 1) " + 5 r- ( '- a) ")x') 

2>a+l 

and we write 

.9 = C6 r 6 + c b+1 r b+1 + . . . 

with Cb G A:* . Now, because of 

-(/-a) n + 6< -(Z-a-1)" (Z»0) 

it is clear that, for Z >> 0, the smallest F-exponent in front of X 1 (of the power series r • d n ) is — (Z — a)™ + fe. 
Therefore, one has 

6(r ■ d n ) ~ (-Z n ) ~ 5(cZ„) 

and we are done. 
7.3.3 Remark 

A proof of the general case of theorem can be obtained e. g. in the following way: First, we use theorem 
3.1.2 repeatedly to get a surjection 

H(x 1 ,...,x i )ii(- R ) H"^ ... ; x n _ 1 )i?(- R ) 

and hence an injection 

which allows us to reduce to the case i = n — 1; then it is possible to adapt our proof of theorem 7.3.2 with 
some minor changes: Instead of working with maps N — > Z, one works with maps 

N"- 1 -» Z 

and also with multi-indices instead of indices. 
7.4 On the module Hj (£>(H? (#))) 

In the previous section we were interested in modules of the form 

D:=D(Hj(fl)) , 
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where I is an ideal in a local ring R. In this section we compute the local cohomology module 

Our results say (essentially) that this module is Efl(-R/m) if 7 is a set-theoretic complete intersection and it 
is either Efi(i?/m) or zero in general (see theorems 7.4.1 and 7.4.2 for precise formulations and proofs). 

7.4.1 Theorem 

Let (R, m) be a noetherian local complete Cohen-Macaulay ring with coefficient field k and xi,...,Xi € R 
(i > 1) a regular sequence in R. Set I := (x\, . . . ,x{)R) (I is a set-theoretic complete intersection ideal of 
R). Then one has 

Hj(D(Hj(i2))) = Eh(A) • 

Proof: 

First we show a special case: Assume that i? = fc[[Xi, . . . ,X n ]] is a formal power series algebra over k in 
n variables and xi = X\, . . . ,Xi = Xi. Then, as we have seen in the proof of remark 4.3.6 (note that the 
situation here is more general then in remark 4.3.6, where i was n — 2, but the proof of 4.3.6 works in this 
more general situation too), we have 

Hj(i2) - k[[X i+1 , . . .,X n ]][Xr\ ■ ■ ■ , Xr l ] 

and 

D(tfj(R)) = k[Xr + \, . . . , X?][[X lt X,}} 

(again, see section 4.3, in particular the proof of remark 4.3.6 for the notation). As the functor Hj is 
right-exact, we have 

H}(£(H}(i?))) = Hj(iJ) ®r 7>(lij(#)) 

= k[[X i+1 , . . . , X n ]][X-\ . . . , Xr 1 ] (g> R k[Xr + \, . . . X" 1 ]^, . . . , X]] 

^k[x-\...,x-'} 

Proof of equality (*): The map 

k[X i+1 , . . .,X n ][Xi\ . . .,X^\ ® k[Xr + \, . ..X?][X lt . .. ,Xi] -> fclAf 1 , . . ^X" 1 ] 

_> xr|+ 1 -*'+ 1 • • X! 11 - 51 • . . . • X? - s * if r 4+1 - . . . , r n - t„, m - «i, . . . , t* - * < 

and to zero otherwise, induces an i?-linear map 

(1) k[[X i+1 , X n ]][X^\ . . . , ir 1 ] ® R k [Xr + \, . . . X" 1 ]^, . . . ,X,]] -> fc^f 1 , . . . , X' 1 } , 
which is surjective and maps the k- vector space generating system 

{^r si • . . . • *r* ® ^r+i +1 • • • • • 1*1, • ■ • . *> *<+!> ■ ••,*«> 0} 
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of the vector space on the left side of (1) to the /c-basis 

{X- Sl ■■■■■ Xr'* • X7^ ..... X-^\a u t i+1 , ...,t n >0} 

of the vector space on the right side of (1), and therefore provides us with the desired isomorphism in our 
special case. 

We come to the general case: Choose x, + i, . . . , x n e R such that y/(x\, . . . , x n )R = m (x\, . . . x„ is a s. o. 
p. of R). Define 

Rq := k[[xi, . . .,x n }} C R 

Ro is regular of dimension n and R is a finite-rank free i? -modulc. Define I := (xi, . . . ,Xi)Ro- We have 

U}(D(U}(R))) - Hj(i2) ®r £>(H/(-R)) 

and 

H}(i2)=H} (iio)® flo i2 

and 

£>(Hj(i2))) = Hom K (H} (i?o) ®K fl,E«(fc)) 
= Hom % (H} (i?o),E/?(fc)) 

(2) 

= Rom Ro (H} (i?o), Hom % (R, Er (k))) 
= Rom Ro (R,D Ro (Bi (Ro))) 

For (2) we use the fact 

Efl(fc) = Hom % (i?,Ei? (fc)) 

We get 

H}(-D(H}(-R))) - H} (i?o) ®ij Hom^I^H^iZo))) 

( =' Hom^Hyflo) ®iic ^o(H} (i?o))) 
= Hom fio (.R, Eij (A;)) 

= Efl(fe) 

For (3) we use the fact that R is a finite-rank free i? - m odule. 
7.4.2 Theorem 

Let R be a nocthcrian local complete regular ring of equicharacteristic zero, / C R an ideal of height h > 1, 
Xi, . . . ,x/j e / an i?-regular sequence and assume that 

H/(i?) = for every I > h . 

Then Hj(£»(H/(^))) is either E R (k) or zero. 

Proof: 

We set 

D ■■= D(u'U.., Xh)R (R)) 
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By theorem 1.1.2, wc know that x\, . . . , Xh is a D-regular sequence and, therefore, we have 

H^,...^(^) = ... = H' ( l - 1 !...,, h )^) = . 

Because of this, an easy spectral sequence argument (applied to the composed functor Tj o r^^...^)^ and 
to the i?-module D) shows that 

Hj(-D) = r/(Hf Xli ..., Ih)fl (I>)) C \l\ Xl _ Xh)R {D) = En(k) . 

The last equality is theorem 7.4.1. But, from subsection 7.2 and from [Lyl, Example 2.1 (iv)], it is clear 
that H/(-D) has a D-module structure and so, from [Lyl, Theorem 2.4 (b)], we deduce that k'j(D) is either 
Ei?(fc) or zero. Furthermore, the natural injection 

induces a surjection 

D — > £)(H/(i?)) 

and hence, as H/ is right-exact, a surjection 

Hj(-D) — > H/(-D(H/(-R))) . 

But again, the last module has a D-module structure, and thus, from [Lyl, Theorem 2.4 (b)] and from what 
we know already, we conclude the statement. 
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8 Attached prime ideals and local homology 
8.1 Attached prime ideals basics 

This subsection is a collection of definitions and facts about primary and secondary representation, both in 
general situations (i. e. we do not always assume that our modules have any finiteness properties). We 
will make use of these facts in subsection 8.2. [BS] is a reference for the notion of attached primes (of local 
cohomology modules). 

8.1.1 Definition and remark 

Let R be a ring, M ^ an i?-modulc and N an i?-submodule of M. M is coprimary iff the following condition 
holds: For every x € R the endomorphism M A M given by multiplication by x is injective or nilpotent (i. 
e. 3N eN:i iV 'M = 0, note that for finitely generated M this is equivalent to \/ m£ M~^N £ N : x N ■ m = 0). 
If M is coprimary \J Ann^(Af) is a prime ideal of R. In general we say N is a primary submodule of M 
iff M/N is coprimary. Now let Ui, . . . , U s C M be submodulcs of M. We say the s-tuple (Ui, . . . , U s ) is a 
primary decomposition of (the zero ideal of) M iff the following two conditions hold: 

(i) f/i n . . . n U s = 0. 

(ii) All Ui are primary submodules of M. 

In this case (U\, . . . , U s ) is called a minimal primary decomposition of M iff, in addition, the following two 
statements hold: 

(iii) Every Ui n . . . n Ui n . . . n U s is not zero. 

(iv) The ideals ^/Ann^(M/[/j) (for i = 1, . . . , s) are pairwise different. 

It is clear that if there exists a primary decomposition of M there is also a minimal one. 

8.1.2 Definition and remark 

Let R be a noetherian ring, M an i?-module and assume there exists a minimal primary decomposition 
(t/i, ...,U 3 )of M. Then the set 

{^/Ann R {M/Ui)\i = 1, . . . , s} =: Ass R (M) 

does not depend on the choice of a minimal primary decomposition of M (the proof of this goes just like the 
well-known proof in case M is finite). We say the prime ideals of Ass^(M) are associated to M 

8.1.3 Remark 

Let R be a noetherian ring and M a noetherian (i. e. finitely generated) _R-module. Then it is well-known 
that M has a (minimal) primary decomposition. Note that this holds without the hypothesis R is noetherian, 
but anyway M being noetherian implies that Rj Ann^(M) =: R is noetherian and M is a i?-module. 

8.1.4 Definition 

Let R be a noetherian ring and M an i?-modulc. One defines 

Ass fl (M) := {p C R prime ideal |3m e M : p = Ann fl (m)}. 
It is easy to see that this definition agrees with the above one whenever M has a primary decomposition. 
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8.1.5 Definition and remark 

Let R be a ring and M ^ an i?-module. By definition, M is secondary iff for every x € R the endo- 
morphism M M given by multiplication by x is either surjective or nilpotent. Now let M be arbitrary 
and Ui,...,U 8 C M i?-submodules. We say the s-tuple (Ui, . . . , U s ) is a secondary decomposition of M iff 
the following two conditions hold: U\ + . . . + U s = M and all Ui are secondary. In this case the secondary 
decomposition {U\, . . . , U s ) is called minimal iff the following two conditions hold: All U\ + . . . + Ui + . . . + U s 
are proper subsets of M and all Ann n(Ui) are pairwise different. Again, existence of a secondary decom- 
position implies existence of a minimal one. 

8.1.6 Definition and remark 

Let R be a noetherian ring and M an i?-module; assume there exists a minimal secondary decomposition 
(Ui,..., U s ) of M. Then the set 

Att fl (M) := {^A^(Ui)\i = 1, . . . s} 

does not depend on the choice of a minimal secondary decomposition of M. We say the prime ideals in 
Att jj(M) are attached to M. 

8.1.7 Remark 

Let R be a noetherian ring and M an artinian i?-module. Then there exists a (minimal) secondary decom- 
position of M. The proof is simply a dual version of the proof of 8.1.3 (which is, of course, well-known). 
Again this works also if R is not noetherian. 

8.1.8 Definition 

Let R be a noetherian ring and M an i?-modulc. We define 

Attij(M) := {p C R prime ideal |3 an i?-submodule U C M : p = Ann R (M/U)}. 
Is is not very difficult to see that this definition agrees with the first one if M has a secondary decomposition. 

8.1.9 Remark 

Let (R, m) be a noetherian local ring, M an R- module and (Ui, . . . , U s ) a minimal primary decomposition 
of M. The following implications are clear by duality: 

(i) Ui n . . . n u s = o D{M/u{) + ... + ... d{m/u s ) = d(m) 

(ii) M/Ui is coprimary => D(M/Ui) is secondary (for every i) 

(iii) The primary decomposition (U\, . . . , U s ) of M is minimal => 

the secondary decomposition (D(M/Ui), . . . , D(M/U S )) of D(M) is minimal. 

(iv) knn R {M/Ui) = Ann R {D{M /Ui)) (for every *) 

Thus we have 

Assij(M) = Att R (D(M)) . 

In a very similar way the following statement holds: Any (minimal) secondary decomposition of M induces 
a (minimal) primary decomposition of D(M). In particular, if M has a secondary decomposition: 

Attji(M) = Ass fl (D(M)) . 
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8.1.10 Remark 

It is true that if Ui, . . . , U s are arbitrary submodules of R such that (D(M/Ui), . . . , D(M/Us)) is a (minimal) 
secondary decomposition of D{M) then (Ui, . . . , U s ) is a (minimal) primary decomposition of M, but note 
that we do not know that every submodule of D(M) is of the form D(M/U) for some submodulc U of M. 
Similarly, if U\, . . . , U s are arbitrary submodules of M such that (D(M/U\), . . . , D(M/U S )) is a (minimal) 
primary decomposition of D(M) then (Ui, . . . , U s ) is a (minimal) secondary decomposition of M. 

8.1.11 Remark 

Let (R, m) be a noetherian local ring, p a prime ideal of R and M an i?-module. Then 

p € Ass,r(M) ^=^> 3 finitely generated submodule U of M : p = Ann R (U), 
p G Att fl (D(M)) ^ 3 submodule [/' of D(M) : p = Ann R (D(M)/U'). 

In particular the existence of a submodule U of M satisfying p = Ami^t/) implies p € Attjj(£)(M)). 
Therefore we have 

Ass fl (M) C Att fl (D(M)). 

This inclusion is strict in general: Take for example M = E = En(R/m), an i?-injective hull of R/m: 
AsSfl(E_R(i?/m)) = {m}, but D(E) = R and so Att_fj(D(E)) = Spcc(i?). But nevertheless a stronger inclusion 
holds (plug in D(M) for M in theorem 8.1.12 to see that it is actually stronger): 

8.1.12 Theorem 

Let (R, m) be a noetherian local ring and M an i?-module. Then 

Ass R (D(M)) C Attfl(M) 
and the sets of prime ideals maximal in each side respectively coincide: 

{p|p maximal in Ass R (D(M))} = {p|p maximal in Att R (M)}. 

Proof: 

Let p e Ass R (D(M)) be arbitrary. There exists a submodulc V of £>(M) such that U' = R-u' = R/p for 
some v! e [/' C D{M). u' induces a monomorphism u' : M/ker(u') — ► E and so we have 

p = Ann R (U') = AnnR(w') = Ann R (W) = Ann R (M/ kcr («')); 

this implies p € Att^(M). Having proved this we only have to show that an arbitrary prime ideal p of R 
which is maximal in Att R (M) is associated to D(M): p e Att R (M) implies M/pM ^ and so we must have 
Hom fi (i?/p, D(M)) = D{M/pM) ^ 0; but by the maximality hypothesis on p implies p € Ass R (D(M)). 

8.1.13 Theorem 

Let (R, m) be a noetherian local ring and M an i?-module. Assume (pi)ieN is a sequence of prime ideals 
attached to M; assume furthermore that q := HigNP* ^ s a P nme ideal of R. Then q is also attached to M. 
Proof: 

For every i we choose a quotient Mi of M such that Ann^(Mi) = q^. Now the canonically induced map 
i : M — > Y\ ieN Mi induces a surjection M — > im(t); we obviously have HieNP* — Ann_R(im(t)); on the other 
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hand, for every i and every s £ R\pi there is a rrii £ Mi coming from an element rm £ M that has s-m, 7^ 0. 
But this implies that s cannot annihilate im(t); therefore 

Ann iJ (im(t)) = f] p t = q 

and the statement follows. 

8.2 Attached prime ideals — results 

This subsection contains results on attached prime ideals (of local cohomology modules). Our technique 
bases on subsection 8.1 where some relations between attached primes of a module and associated primes of 
the Matlis dual of the same module were established. This method does not only lead to an easy proof of a 
known result (theorem 8.2.1, see also remark 8.2.2), but also enables us to find more attached prime ideals 
(of a local cohomology module, see theorem 8.2.3 and corollary 8.2.4 for details). Furthermore, the study of 
attached prime ideals leads to new evidence for conjecture (*) (this evidence comes, essentially, from theorem 
8.1.13 which describes a property of the set of attached prime ideals that is necessary for being closed under 
generalization) . 

There are some results on the set of attached primes of local cohomology modules: In [MS, theorem 2.2] it 
was shown that if (R, m) is a noetherian local ring and M is a finitely generated i?-modulc then 

Att K (Hm im(M) (M)) = {p£ Ass R (M)\ dim(i?/p) = dim(M)} 

holds. In [DY, Theorem A] this was generalized to 

Att fl (H» im(M) (M)) - {p e As Si? (M)|cd(a,i?/p) = dim(M)}, 

where a C R is an ideal and cd(a, R/p) := max{Z £ N| H l a (R/p) 7^ 0}. We are going to show (theorem 8.2.1) 
that the results of section 8.1 lead to a natural proof of this result and, furthermore, to new results on the 
attached primes of local cohomology modules (8.2.3 - 8.2.6). 

Let (R, m) be a noetherian local n-dimensional ring and a C R an ideal. Then H„ (i?) is an artinian R- module 
and hence 

Ass fl (D(HS(i2))) = Att«(H?(i2)). 
Now assume that we have (H"(-R) 7^ and) p £ Att#(H" (R)); then we get 

0^U n a (R)/pK n a (R) = K n a (R/p), 

i. e. p £ Assh(i?)(:= {q £ Spec(i?)| dim(i?/q) = dim(i?)}) and cd(a, R/p) = n. 

Now suppose conversely that we have a prime ideal p of R such that cd(a, R/p) = n, equivalently H„ (-R/p) ^= 
0. By Hartshornc-Lichtcnbaum vanishing we get a prime ideal q C R satisfying p = q n R and \J aR + q = 
m^(:=maximal ideal of R); this in turn implies 

°^H^( J R/q)=H^( J R/q). 
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Matlis duality theory shows that q € Ass^(Z)(H™^(-R)))- It is easy to see that 

D(B n ak (R)) = D(B n a (R)), 
holds canonically, the D-functors taken over R resp. over R. Thus we have shown 

Att i? (H r a l (i?)) = {p|cd(a,i?/p) = n}. 
For every finitely generated R- module M we can apply this result to the ring Rj Ann^(M) and we get 

8.2.1 Theorem 

Let (R, m) be a noctherian local ring, a C R ein Ideal and M a finitely generated ra-dimcnsional i?-modulc. 
Then 

Att*(H?(M)) = {pe Ass R (M)\ cd(a,R/p) = n} 

holds. 

8.2.2 Remark 

This is [DY, Theorem A], where it was proved by different means. 

In subsection 8.1 we established several relations between attached primes of a module and associated primes 
of the Matlis dual of the same module; theorem 8.2.3 is a consequence of these relations; we can retrieve 
more information from these relations to get new theorems on the attached primes of top local cohomology 
modules (remarks 8.2.5): 

8.2.3 Theorem 

Let (R, m) be a c?-dimensional noetherian local ring. 

(i) If J is an ideal of R such that dim( J R/J) = 1 and B.j{R) = then 

Assh(i?) C Att«(Hj _1 (i?)) 
holds. If, in addition, R is complete, one has 

Att fl (Hj _1 (i?)) = {pe Spcc(i?)| dim(i?/p) =d-l, VP + J = m} U Assh(i?). 

(ii) For any x\, . . . , Xi £ R there is an inclusion 

{p € Spec(i?)|xi, . . . ,Xi is a part of a system of parameters of R/p} C Att#(H( xl Xi )R(^-))- 

Proof: 

(i) Note that theorems 3.2.6 and 3.2.7 show that one has Assh(i?) = Assh(£>(Hj _1 (i?))) in the given situation 
and, if R is complete, 

AsSi ? (L>(Hj _1 (i?))) = {p G Spec(i?)| dim( J R/p) = 1, dim(i?/(P + J)) = 0} U Assh(i?) . 

Now we use theorem 8.1.12 and remark: If R is complete, given an arbitrary p € Attfl(Hj _1 (i?)) it follows 
that Hj -1 (-R/p) 7^ and hence, by Hartshorne Lichtenbaum vanishing, that dim(i?/p) > d — 1 and, if 
dim(i?/p) = d — 1, that p + J is m-primary. 
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(ii) Follows from theorems 8.1.12 and 3.1.3 (ii). 



8.2.4 Corollary 

Let (R, m) be a noetherian local ring. For every x € R one has 

Attfl(HiflCR)) = Spec(i?) \ 9J(a;). 

Proof: 

"C" Let p e Att R (Rl R (R)). Then 

+ Rl R (R)/p RIr(R) = E.Ir(R/P) * t P • 
"D" follows e. g. from 3.1.3 (ii). 

8.2.5 Remarks 

(i) It was shown in remark 1.2.1 that, for any x\,...,Xi £ R, there is an inclusion 

Ass R (D(Rl Xi _ Xt)R (R))) C {p e Spcc( J R)| H| Xl ,...,^ )i? (i?/p) ? 0}. 
By what we have proved so far it is clear that there is a chain of inclusions 

Assi?(Z)(H( Xl; ... iXi )i J (-R))) C Att fl (Hi Xli ..., Il)fl (i2)) C {p e Spec(i*)| K\ Xu ..., Xi)R (R/p) + 0}. 

(ii) Conjecture (*) says that, for any sequence x\, . . . , Xi in R, the inclusion 

Ass R (D(Rl Xi _ Xi)R (R))) C {p e Spec(R)\ R\ Xl _ Xi)R (R/p) ? 0} 
is an equality; if this could be shown to be true, we could conclude that 

As SiJ (D(rr (xi; ... iXi)iJ )) = Att fl (H| Xli ... ia!l)fl (i2)) • 

(iii) In the situation of theorem 8.2.3 (i) the attached primes of the top local cohomology module coincide 
with the associated primes of the Matlis dual of the top local cohomology module. 

8.2.6 Remarks 

We now assume that k is a field and R = k[[X\, . . . ,X n ]] is a power series algebra over k in n variables 
X\, . . . , X n ; let i £ {1, . . . , n}. Theorems 4.2.1, 4.3.4 and 8.1.12 imply the following statements: 

(i) In the case i = n we have 

Att*(H^ 1; ... iXn)i jOR)) = {0} • 

(ii) If i = n — 1, 

Att i? (H"^ i 1 x^^CR) = {0} U {pR\p € R prime element, p^(X 1 ,..., X n _i)R} 

holds. 

(iii) Finally we concentrate on the case i — n — 2, where we have the following statements: 
(a) {0} g Att Ji (H^... ;Xn _ 2)i j( J R)); 
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(/?) If p is a height-two prime ideal of R such that \J (X~i, . . . , A„_ 2 )-R + P = tn then 

P e A.tt R (R^-l Xn _ 2)R (R)) 

holds. 

(7) Conversely, p e Att^H™^ 2 x„_ 2 )_r(^)) im P ues that hcight(p) < 2; 
(<5) If p € i? is a prime element such that p £ (X\, . . . , A„_ 2 )i? then 

pRtAttniu^l Xn 2)R (R)) 

holds. 

(e) If p G -R is a minimal generator of {X\, . . . , X n ^ 2 )R then 

P«^ A ttfl(HK...,x B _ a )fl( i2 )) 

holds. 

(C) Because of theorems 4.3.4 and 8.1.12, for every prime element p e (Xi, . . . , A„_ 2 )-Rn (X n -i, X n )R there 
exist infinitely many (pairwise different) prime ideals (p;); e N of height two attached to H"^ 2 x ^ R (R) 
and containing p. As any q £ HieNPi must satisfy height(p, q)R < 2 it is clear that we have pR = HzeN Pi- 
Now theorem 8.1.13 implies pR G Att^(H"^ 2 x 2 ^ R (R)). But in view of theorems 1.2.3 and 8.1.12 it is 
clear that pR <E Att^H™^ 2 x 2 )r{R) 1S a necessary condition for conjecture (*). This gives new evidence 
for conjecture (*). 

8.3 Local homology and a necessary condition for Cohen-Macaulayness 

Let (R, m) be a noetherian, local ring, M an i?-modulc and / an ideal of R. It is well-known that jj^ lm ( M ) (jVf ) 
is artinian for any proper ideal / of R provided M is finitely generated as R- module (cp. [Me]). 
There is a theory of local homology modules (cp. [Tl] and [T2]): If X is an artinian i?-modulc and 
x = xi, . . . , x r is a sequence of elements in m, the i-th local homology module Hf(X) of X with respect to 
x is defined by 

ymHi(K.(x?,...,x?;X)) , 

nEN 

where . . . , X™; X) is the Koszul complex of X with respect to x", . . . , and Hi means taking the 

homology of this complex at the i-th position; then H~ ( ) is an i?-linear, covariant functor from the category 
of artinian i?-modules to the category of i?-modulcs. 

We repeat the notions of Noetherian dimension N.dim(A) and width of X, width(A): For X = one puts 
N.dim(A) = —1, for X 7^ N.dim(A) denotes the least integer r such that : x (xi, . . . ,x r )R has finite 
length for some x\,...,x r em. Now let x\, . . . , x n £ m. x\,...,x n is an A-coregular sequence if 

: x {xi, . . .,Xi-i)R ^ : x {xi, . . .,Xi-i)R 

is surjective for i = l,...,n. width(A) is defined as the length of a (in fact any) maximal A-coregular 
sequence in m. Details on N.dim(X) and width(A) can be found in [Oo] and [Ro], here we cite one general 
fact: For any artinian R- module X 

width(A) < N.dim(A) < 00 
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holds and A is co-Cohen-Macaulay if and only if width(X) = N.dim(X) holds (by definition). Tang has 
shown ([Tl, Proposition 2.6]) that Hm im(M) (M) is co-Cohen-Macaulay (of Noetherian dimension dim(M)) if 
M is a finitely generated Cohen-Macaulay i?-module and ([Tl, Theorem 3.1]) that 

H^ ( ^(Hr (M) (M)) = M 

holds (here xi, . . . , Xd is a s. o. p. of M and we still assume that M is Cohen-Macaulay). Tang asks ([Tl, 
Remark 3.5]) if one can show that H§(A) is finitely generated if A is an artinian i?-module of N. dimension 
d and x = x\,...,Xd is such that :x x has finite length. 

In the example 8.3.1 below we give a negative answer to this question. However, under the additional 
assumption that R is complete, we show that Hf(A) is a finitely generated i?-module (theorem 8.3.3) and 
draw some consequences establishing various duality results (theorem 8.3.5). As an application we present 
a necessary condition for a given finite -R-module M to be Cohen-Macaulay (corollary 8.3.6). 
x will always stand for a sequence xi, . . . , Xd in m. The results of this and the next subsection can also be 
found in [H5]. 

8.3.1 Example 

Let k be a field, T a variable and R the noetherian, local ring k[T](ry Set X := T _1 • k[T~ x ] := {a_iT _1 + 
. . . + a_„T-"|n e N+, a_i, . . . , a_„ e k}. X has a R = fc[[T]]-structure (such that T m ■ T~ n = T m - n if 
m — n< —1 and = if m — n > 0, where m > 0, n > —1) and thus it also has an i?-module-structure. Every 
non-trivial i?-submodule of X has the form < T~ n >x for some n > 1 and therefore X is an artinian R- 
module. Furthermore (0 :x T) = k-T^ 1 is of finite length (and so N.dim(X) = 1) and Hi'(-X') is the indirect 
limit over all (0 \x T l ) 1 where the transition maps (0 \x T l+1 ) — > (0 :x T l ) are induced by multiplication by 
T. An elementary calculation shows Hf (A) = k[[T]] = R which is not finite as an i?-module. 

But more can be said: 

8.3.2 Remark 

Let (R, m) be a local noetherian regular d-dimensional ring, A an artinian co-Cohen-Macaulay i?-module, 
N.dim(A) = d, x = x\, . . . , Xd € m such that (0 :x x) is of finite length. Then 

Hf (A) is a finite i?-modulc R is complete 

holds. 
Proof: 

<= follows from theorem 8.3.3 below. From [Tl, Remark 3.5] it follows that depth(H§ (A)) = d both as 
an R— and as an i?-module; but now the Auslander-Buchsbaum formula implies that Hf (A) is a finite free 
i?-module and so we must have R — R. 

From now on we assume that R is complete and show at first that the top local homology module is always 
finite; this is done, essentially, by Matlis duality. 

8.3.3 Theorem 

Let (R, m) be a noetherian, local, complete ring, A an artinian i?-module of N. dimension d; let Xi, . . . , Xd € m 
be such that :x {xi, ■ ■ ■ ,Xd)R has finite length. Then H§(A) is a finitely generated i?-module. 
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Proof: 

x\, . . . ,x d form a system of parameters for D(X), because 



D(X)/(x u x d )D{X) = D(0 : x (x u ..., x d )R) 
has finite length and dlm(D(X)) — N.dim(X) = d. Using Matlis-duality we have 

Hf (X) = Hf (D(D(X))) 

= \imH d (K.(x?,...,xl,D(D(X)))) 

= ^nD(H d (K'(x^...,x n d ;D(X)))) 

= D(limH d (K'(x n 1 ,...,x n d ;D(X)))) 

= mu..., Xd)R {D{x))) , 

and the last module is finitely generated because H d Xl Xd ^ R {D{X)) is artinian. 
8.3.4 Corollary 

Let (i?, m) be a noetherian, local, complete ring and X a co-Cohen-Macaulay i?-module of N. dimension d; 
let xi, . . . ,x d e m be such that \x ■ ■ ■ , x d )R has finite length. Then ^2' , '"' Xi {X) is a Cohen-Macaulay 
module. In particular if d = dim(JR), f^-'"' ,Xd {X) is a maximal Cohen-Macaulay module. 
Proof: 

The statements follow from theorem 8.3.3 and [Tl, Remark 3.5]. 

Let (R, m) be a noetherian, local, complete ring. Let Af (resp. A) denote the set of isomorphism classes of 
noetherian (resp. of artinian) i?-modules. We have maps Fx and F 2 from J\f to A induced by 

M A Matlis dual of M 

and 

M ^ H dim(M) (M) 

For F2 it does not make any difference if we take H?™^ M ^ d . M \ R (M) instead of Hm™' M ' (M) (for any system 
of parameters Xx, . . . , Xdim(M) of M). Similarly we have maps G\ and G 2 from A to Af induced by 

X &■ Matlis-dual of X 

and 

A ^ H N.dim(X) W 

(here x\, . . . , XN.dim(x) are such that :x ■ ■ ■ , ^N.dim(x))-R has finite length). By Matlis-duality we have 

Fx o Gi = id A , Gx°Fx= id^ . 
From the proof of theorem 8.3.3 one understands that 

FxoG 2 =F 2 o Gx =: T 
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and hence 

Gi o F 2 = G 2 o Fi =: T' , 
G 2 = Gi o F 2 o Gi = Gi o T, F 2 = F o G 2 o F = F 1 o T' . 

8.3.5 Theorem 

Let (ii, m) be a noetherian, local, complete ring. Let M be a noetherian and X an artinian i?-module. Then 

(i) If M is Cohen-Macaulay, then F 2 (M) is co-Cohen-Macaulay. 

(ii) If M is Cohen-Macaulay, then F\(M) is co-Cohen-Macaulay. 

(iii) If X is co-Cohen-Macaulay, then G 2 (M) is Cohen-Macaulay. 

(iv) If X is co-Cohen-Macaulay, then G\{M) is Cohen-Macaulay. 
Proof: 

(ii) and (iv) are easily proved using Matlis-duality theory, (i) is proved by [Tl, Proposition 2.6]) and now 

(iii) follows from G 2 = Gi o F 2 o Gi . 

Let Afo (resp. Ao) denote the set of isomorphism classes of noetherian Cohen-Macaulay modules (resp. of 
artinian co-Cohen-Macaulay modules). Then, by theorem 8.3.5, F\, F 2l Gi, G 2 induce maps between A/o and 
Ao in an obvious way. [Tl, theorems 3.1 and 3.4] imply F 2 o G 2 = id^ and G 2 o F 2 = idj^ . We deduce 
Gi=G 2 oF 1 o G 2 , Fi = F 2 o Gi o F 2 ,T 2 = id, T' 2 = id on W and _4 . 

As an application we get a necessary condition for a finite module to be Cohen-Macaulay: 

8.3.6 Corollary 

(i) Let ojji be a dualizing module for R (it exists uniquely up to isomorphism since R is complete). Assume 
that M is Cohen-Macaulay. Then Ext£ m(ii) " dim(M) (M, uo R ) is Cohen-Macaulay. 

(ii) In particular if there exists an ideal I of R such that / C Ann^(M), dim(i?/I) = dim(M) and R/I is 
Gorenstein, Cohen-Macaulayness of M implies Cohen-Macaulayness of Hom-^(M, R) (here R := R/I). Such 
an ideal / exists, for example, if R itself is Gorenstein. 

Proof: 

The statements follow from local duality and theorem 8.3.5. 
8.4 Local homology and Cohen-Macaulayfications 

In the text following theorem 8.3.5 we have seen G 2 o F 2 = \A^ and F 2 o G 2 = id_4 . Now we turn our 
interest to the question: What can be said about G 2 o F 2 in general, that is, on N 1 . 

8.4.1 Definition 

Let (R, m) be a noetherian, local, complete ring and M a noetherian (i. e. finitely generated) i?-module. Let 
M be a finitely generated i?-module containing M as a submodule. We say M is a Cohen-Macaulayfication 
of M if the following three conditions hold: 

(i) M is Cohen-Macaulay. 

(ii) dim(M) = dim(M). 

(iii) dim(M/M) < dimM - 2 (this condition is equivalent to Hm m(M)_1 (M/M) = Hm im(M) (M/M) = 0). 

In the sequel we won't always strictly distinguish between a module M and its isomorphism class, for reasons 
of simplicity. 
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8.4.2 Theorem 

Let (R, m) be a noetherian, local, complete ring and M a noetherian _R-modulc. If M has a Cohen- 
Macaulayfication, it has (up to an M-isomorphism) only one Cohen-Macaulayfication, namely (G 2 F 2 )(M). 
Proof: 

Let M be a Cohen-Macaulayfication of M. We consider the short exact sequence 0— » M — » M — » M/M — > 
and its long exact cohomology sequence induced by applying r m to it: Because of condition (iii) of definition 
8.4.1 we get a canonical isomorphism 

H r (M) (M) = H r (M) (M) 8 - 4 -i H r (Af) (M) 

and therefore M = (G 2 o F 2 )(M) = (G 2 o F 2 ){M). 

8.4.3 Remark 

Goto (cp. [Go]) has shown: If (A, m) is a noetherian, local, d-dimensional ring with total quotient ring Q(A), 
the following conditions are equivalent: 

(i) There is a Cohen-Macaulay ring B between A and Q(A) such that B is finitely generated as an A-modulc, 
dim(_B n ) = d for every maximal ideal n of B and m • B C A. 

(ii) A is a Buchsbaum ring (see [SV] for details on Buchsbaum rings) and H^A) = for i ^ 1, d. 

In this case, if d > 2, B is uniquely determined and Goto ([Go]) calls it the Cohen-Macaulayfication of A. 

8.4.4 Remark 

Cohen-Macaulayfication in our sense is a generalization of Goto's concept of Cohen-Macaulayfication: 

8.4.5 Theorem 

Let (R, m) be a noetherian, local, complete ring, and assume that the Cohen-Macaulayfication B of R (in 

the sense of Goto) exists. Then B is also a Cohen-Macaulayfication in our sense. 

Proof: 

Because of m • B C R we have m • (B/R) = 0, which implies that B/R is a finite-dimensional R/m- vector 
space. Because of d = dim(i?) > 2 we must have R'^ 1 (B/R) = R^(B/R) = 0. 

8.4.6 Remark 

In particular if (R, m) is a noetherian, local, complete Buchsbaum-ring of dimension d > 2 such that HJn (R) = 

for i ^= 1, d, the i?-modulc R has a Cohen-Macaulayfication. 

8.4.7 Example 

An easy example is given by R = k{{xi, x 2 , x$, X4]]/ (xi, x 2 ) n (2:3,0:4). In the sense of Goto as well as in 
our sense R has a Cohen-Macaulayfication given by (fc[[a:i, . . . , x 4 }]/(xi,x 2 )) © (fe[[a:i, . . . , 2:4]]/ (x 3 , 2:4)); this 
can be seen either directly or by remarking that R is a 2-dimensional Buchsbaum ring with lV m (R) = for 

1 ^ 1,2. 
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Deutsche Zusammenfassung 

Lokale Kohomologie und Matlis-Dualitat 

Eine algebraische Menge X heifit (mcngcntheoretisch) vollstandiger Durchschnitt, wenn sie von codim(A) 
vielen algebraischcn Glcichungcn " ausgeschnitten" werden kann (etwa in einem affinen oder projektiven 
Raum). Es ist bekannt, dass, im Falle positiver Charakteristik, jede Kurve im n— dimensionalen affinon 
Raum mcngcntheoretisch vollstandigcr Durchschnitt ist ([CN]). Auf der anderen Seite sind im Zusammcn- 
hang mit mengenthcoretisch vollstandigen Durchschnitten bemerkenswert viele Fragen unbeantwortct. Als 
Beispiele seien angefiihrt: Ist jeder abgeschlossene Punkt in Pq (zweidimensionaler projektiver Raum iiber 
den rationalen Zahlen) mengentheoretisch vollstandiger Durchschnitt? Ist jede Kurve in A^, (dreidimension- 
aler amner Raum iiber den komplexen Zahlen) mengentheoretisch vollstandiger Durchschnitt? Zu diesen und 
vielen weiteren verwandten Fragen enthalt [Ly2] eine Ubersicht. 

Ein weiteres Beispiel ist die Kurve C4 CP^, die durch 

(u 4 : u 3 v : uv 3 : t> 4 ) 

parametrisiert ist. Es ist, zumindest im Falle der Charakteristik Null, unbekannt, ob C4 mengentheoretisch 
vollstandiger Durchschnitt ist; eine offensichtliche Obstruktion ware H? c (k[X n , X\,X^ A 3 ]) ^ (wobei Iq 4 
das Verschwindungsideal von C4 bezeichnet). Es ist aber bekannt, dass 

E 3 ICi (k[X Q ,X 1 ,X 2 ,X 3 ]) = 

ist. Es ist sogar so, dass das (Nicht-)Verschwinden von lokalen Kohomologicn im Allgemeinen nicht die 
Minimalzahl algebraischer Gleichungen, die die gegebene algebraische Menge " ausschneiden" , bestimmt. 
Algebraisch ausgedriickt, bedeutet dies, dass (fur ein Ideal I) die Ungleichung 

cd(J) < ara(7) 

gelten kann (hier bezeichnen cd(I) die (lokale) kohomologischc Dimension von I und 

ara(7) := min{Z G N|3n, . . . ,n e R : v7 = . . . ,ri)R} 

die Minimalzahl algebraischer Gleichungen, die die zu I gehorende algebraische Menge "ausschneiden"). 
Ubrigens enthalt 5.1 ein konkretes Beispiel fur das Vorliegen dieser Ungleichung. Auf der anderen Seite 
enthaltcn die Matlis-Duale gewisser lokalcr Kohomologicmoduln Informationcn daruber, ob ein mengenthe- 
oretisch vollstandiger Durchschnitt vorliegt oder nicht - dies ist der Inhalt von 

1.1.4 Korollar 

Seien (R, m) ein noetherscher lokaler Ring, ICR ein echtes Ideal, h € N und / = fi, ■ ■ ■ ,fh € I eine 
i?-regulare Folge. Dann sind Equivalent: 

(i) yfjR = VT (d. h. I ist mengentheoretisch vollstandigcr Durchschnitt). 

(ii) Hj(-R) = fiir jedes I > h und / ist cine D(Hj (i?))-quasi-regulare Folge. 
(ii) H/(-R) = fiir jedes I > h und / ist eine D(H/ (i?))-regulare Folge. 
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Dieses Ergebnis legt es nahe, Matlis-Dualc von lokalcn Kohomologicmoduln zu studicrcn, insbcsondere ihre 
assoziierten Primideale; dies sind auch die Hauptziele dieser Arbeit. Die erhaltenen Ergebnisse und verwen- 
deten Mcthodcn fiihrcn auch zu verschiedenen Anwendungcn, die in Kapitel 6 versammelt sind. Dariibcr 
hinaus ergeben sich Zusammcnhange zur (lokalen) Kohomologie formaler Schemata (7.1), zu sogenanntcn 
"attached" Primidcalcn von lokalen Kohomologicmoduln (8.1, 8.2) und zum Begriffe der lokalen Homologic 
(8.3, 8.4). 

Folgende Bezcichnungen seien vereinbart: Sind R ein Ring, ICR cin Ideal und M ein i?-Modul, so bezeichnet 
H/(Af) die Z-te lokale Kohomologie von M mit Trager in /; ist (R, m) ein lokaler Ring, so ist Er(R/ki) eine 
(fixicrte) i?-injektive Hiille des i?-Moduls R/m. SchlieBlich bezeichnet (iiber dem lokalen Ring (R, m)) D den 
Matlis-Dualisierungshmktor, d. h. D(M) := Hom^(M, Ei?(i?/tn)) fur jeden i?-Modul M. Zur Vermeidung 
von Missverstandnissen werden wir gcgcbcncnfalls Dr statt D schreiben. 

Es folgt eine chronologische Ubersicht des Inhalts der einzelnen Kapitel: 

Ziel von Abschnitt 1.1 ist der Beweis des eingangs zitierten Korollars 1.1.4; dies geschicht, indem zunachst 
die folgcnden Satze 1.1.2 und 1.1.3 bewiesen werden, aus denen dann, im Wesentlichen durch Spezialisierung, 
Korollar 1.1.4 folgt: 

1.1.2 Satz 

Seien (i?, m) ein noetherscher lokaler Ring, I C R ein Ideal, h > 1 und f = f\, . . . , fh C I eine Folge mit 
y/fR = y/l und so, dass 

K h r 1 - l (R/(f u ...,f l )R) = (l = 0,...,h-3) 
gilt (fiir h < 2 ist diese Bedingung leer). Dann ist / eine D(n'j (i?))-quasi-regulare Folge. 

1.1.3 Satz 

Seien (R, m) ein noetherscher lokaler Ring, ICR ein Ideal, h > 1 und / = /i, . . . , fh £ I so, dass 

U l !(R)=0 (l>h) 

und 

H/ _1 ~'(-R/(/ii • • • , fh)R) =0 (/ = 0, . . . , h - 2) 

gelten (fiir h < 1 ist diese Bedingung leer) und so, dass / eine D(H/ (-R))-quasi-regulare Folge ist. Dann gilt 
Vl=y/(fi,...,fh)R. 

Korollar 1.1.4 (siehe oben) legt es nahe, zu untersuchen, fiir welche / G R die Multiplikation mit x auf cinem 
Matlis-Dual eines lokalcn Kohomologiemoduls injektiv ist, mit anderen Worten, die Menge der Nulltcilcr 
auf einem solchen Modul zu bestimmen. Eine genauere Frage ist die nach der Menge der zu diesem Modul 
assoziierten Primideale. In diesem Zusammenhang verweisen wir auf 

1.2.2 Vermutung 

Sind (i?, m) ein noetherscher lokaler Ring, h > und x\,...,Xh Elemente von R, so gilt 

As SR (D(Rl Xi _ Xh)R (R))) = {pe Spec(R)\ K h (xi ,..., Xh)R {R/p) * 0} . 

Diese Vermutung bezeichnen wir mit (*). Die Inklusion C ist stets richtig, dies ist (unter anderem) der 
Inhalt von 
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1.2.1 Bemerkung 

Sind (R, m) ein noetherscher lokaler Ring, ft > und x\, . . . ,Xh Elemente von R, so gilt 
A S s R (D(Rl Xi _ Xh)R (R))) C {p e Spec(R)\ R h {xi _ Xh)R (R/p) + 0} . 
Es gibt zu (*) aquivalente Aussagen: 
1.2.3 Satz 

Die folgenden Aussagen sind aquivalent: 

(i) Vermutung (*) ist richtig, d. h. fur jeden noetherschen lokalen Ring (R, m), jedes ft > und jede Folge 
xi, . . . ,xh e R gilt 

AsB R (DQ$ Xu ... iXh)R {R))) = (P€ Spcc(i?)| R h {xu ..., Xh)R (R/p) + 0} . 

(ii) Fur jeden noetherschen lokalen Ring (R, m), jedes ft > und jede Folge x\, . . . , x h e i? ist die Menge 

y : =Ass K (i)(Hf Xli ... iXh) (i?))) 

abgeschlossen unter Generalisierung, d. h. aus po,pi € Spcc(i?),po C pi, pi € F folgt po G V. 

(iii) Fiir jeden noetherschen lokalen Integritatsring (R, m), jedes ft- > und jede Folge xi, . . . , € i? gilt 
die Implikation 

K( Xl ,..., Xh) (R) ¥= o => {0} e Assflp^,,...,^^^))) . 

(iv) Fiir jeden noetherschen lokalen Ring (R, m), jeden endlich erzeugten i?-Modul M, jedes ft. > und jede 
Folge Xi, . . . ,Xh € R gilt die Gleichhcit 

^R(D(Rl Xl _ Xh)R (M))) = {p G Supp fl (M)| Hf a!li ... iX| , )fl (M/pM) ^ 0} . 

Aussage (iv) ist also formal allgemeiner als Aussage (i), aber inhaltlich aquivalent dazu. 

[HS1, Kapitel 0] entha.lt eine weitere Vermutung zur Struktur der Menge der assoziierten Primideale von 
-D(H( Xl Primideale p, die maximal in Ass R (D(u^ x ^ Xh ) R (R))) sind, haben die Dimension ft: 

dim(i?/p) = ft; diese Vermutung ist falsch, Bemerkung 1.2.4 enthalt ein Gegenbeispiel (mit dim(i?) — ft = 2). 

Indem wir uns mit (quasi-)regularen Folgen auf Moduln der Form D(Hj(R)) beschaftigen, stellt sich folgende 
Frage: Im allgemeinen ist D(n'j(R)) nicht endlich erzeugt (viele Ergebnisse dieser Arbeit zeigen, dass dieser 
Modul im Allgemeinen unendlich viele assoziierte Primideale hat), der Bcgriff der regularen Folge auf nicht- 
endlichen Moduln lasst manche Eigcnschaftcn vcrmisscn: Bcispielsweise gilt (iiber einem lokalen noetherschen 
Ring (R, m)) fiir einen cndlichen R- Modul M und eine M-regulare Folge n,...,rh € R, dass auch die 
Folge r[,...,r' h e R M-regular ist, falls nur (n, . . . , Th)R = (r[, . . . ,r' h )R vorausgesetzt ist; fiir nicht- 
cndliche Moduln stimmt diese Aussage im Allgemeinen nicht. Die eingangs erwahnte Frage lautet: Stimmt 
die Aussage fiir Moduln der Form D(H^ Xl Xh ) R (R)) r ? Die Antwort ist (unter gewissen Voraussetzungen) 
positiv: 
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1.3.1 Satz 

Seien (i?,m) cin noetherscher lokaler Ring, h > 1 und ICR cin Ideal mit Hj(-R) ^ I = h. 

Weiter seien 1 < hi < h und ri, ... ,1V € / eine i?-regulare Folge, die auch Z>(H/(-R))-regular ist. Es seien 
r^, . . . ,r' h , £ I mit (n, . . . , rv)i? = (r' l7 . . . , r' h ,)R. Dann ist auch r' 1; . . . , r^, eine D(H/ (i?))-regulare Folge. 

In Abschnitt 1.4 ist Rq ein lokaler Untcrring von R und wir untersuchen Beziehungen zwischen 
und 

Ein Ergebnis ist 

1.4.3 Bemerkung (ii), zweite Aussage 

Seien (R, m) ein noetherscher lokaler aquicharakteristischer kompletter Ring mit Koeffizicntenkorper k und 
y = yi, . . . , yi e R eine Folge in R so, dass i?o := k[[yi, . . . , y,]] (C i?) regular und i-dimensional ist (dies ist 
z. B. dcr Fall, wenn B^ yi v )r{R) i st )- Wenn Vermutung (*) richtig ist, gilt 

Ass fl (Z^ (H^... !ys)it (i?))) = As SR (D R (^ yu yi)R (R))) . 

In Kapitel 2 werden Eigenschaften der Menge 

A SSR (D(Rl Xi _ Xi)R (R))) 

untcrsucht ((R, m) ein noetherscher lokaler Ring, x — x\,...,Xi eine Folge in R). Die verwendeten Mcthoden 
sind konstruktiv in dem Sinne, dass zunachst in dem i?-Modul 

E^fctXf 1 ,...,*- 1 ] 

(k ein Korper) gewisse Elemente konstruiert werden (Lemmata 2.1 - 2.3); bekanntlich ist E eine i?-injektivc 
Hiille von k, falls R = k[[Xi, . . . , X„]j eine formale Potenzreihenalgebra iiber k ist. Ein zentrales Ergebnis 
in diesem Kapitel (und eine Folgerung aus Lemma 2.1) ist 

2.4 Satz 

Seien (R, m) ein noetherscher lokaler aquicharakteristischer Ring, i > 1 und x\,...,Xi eine Folge in R. Dann 
ist 

{p G Spec(i?)|xi, . . . ,Xi ist Teil eines Paramtersystem von R/p} C AsSij(D(H( Xl; ... iX .) i {(i?))) ■ 
Satz 2.5 enthalt ein ahnliches Ergebnis im gemischt-charaktcristischen Fall. 

Satz 2.4 ermoglicht es, im Falle i = 1 die Menge der assoziierten Primideale vollstandig zu berechnen: 
2.6 Korollar 

Seien (R, m) ein noetherscher lokaler aquicharakteristischer Ring und x £ R. Dann ist 

A SSR (D(Rl R (R))) = Spec(i?) \ (Vx) . 
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Insbesondere ist die Menge der assoziierten Primideale des Matlis-Duals einen lokalcn Kohomologiemoduls 
im Allgemeinen nicht endlich. 

Andererseits zeigen wir in Bemerkung 2.7 (ii), dass die in Satz 2.4 bewiesene Inklusion im Allgemeinen echt 
ist, dass also nicht alle assoziierten Primideale von Z?(H( Xi x )r(R)) von der in Satz 2.4 angegebenen Form 
sind. SchlieBlich untersuchen wir (in Bemerkung 2.7 (iii)) die Teilmengen 

Z 1 := {p e Spec(R)\R\ xi _ Xi)R (R/p) ± 0} 

und 

Zi := {p € Spec(i?)|xi, . . . ,Xi ist Teil eines Parametersystems von R/p} 

von Spec(i?) im Hinblick auf ihre Abgeschlosscnheit unter Generalisierung (man beachte, dass gemaB Satz 
2.4 (bzw. 2.5) und Bemerkung 1.1.2) 

Z 2 C As SR (D(B\ xl _ Xi)R (R))) C Z 1 

gilt). Dabei zeigt sich, dass Z\ abgeschlossen unter Generalisierung ist, Z 2 hingegen im Allgemeinen nicht, 
selbst dann nicht, wenn R regular ist. Immerhin gilt die schwachere Aussage 

Z 2 ^ ® {0} E Z 2 . 

In Kapitel 3 wird die Untersuchung von AsSij(-D(Hv Xi fortgesetzt, wobei nun keine Voraussetzun- 

gen iiber die (Gleich-)Charaktcristik gemacht werden. Dabei ist nachfolgcndcs Lemma ein entschcidender 
Ausgangspunkt: 

3.1.1 Lemma 

Seien R ein Ring, x,y € R und U ein i?-Untcrmodul von R x mit im(t x ) C U (l : R — > R x bezeichnet die 
kanonische Abbildung). Weiter bezeichne S := im(L y ) C R y . Dann existiert ein Epimorphismus 

Rx/U — > R X y/(S x + Uy) 

von i?-Moduln. 

Daraus folgt unter Verwendung von Cech-Kohomologie leicht 

3.1.2 Satz 

Seien R ein noethcrscher Ring, x\, . . . , x m , y\, . 
existiert ein Epimorphism 

H(x 1 ,...,x m ).R(-ft) 

von i?-Moduln. 

Die Idee ist nun, diesen Epimorphismus zu dualisieren; man erhalt einen Monomorphismus und folglich eine 
Inklusionsbcziehung zwischen den jeweiligen Mengen von assoziierten Primidealen. Wir crhalten: 



, y n e R (m e N + ,n e N) und M ein i?-Modul. Dann 



H (^T".,x m>2 /i,...,j/ n )Ji(- R ) 
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3.1.3 Satz 

Seien (R, m) ein noetherscher lokaler Ring, to £ N + , xi, . . . , x m £ R und M ein endlich erzeugter i?-Modul. 
Dann gcltcn: 

(i) Fiir jedes p £ AsSij(£)(H^ 1; ... iXm)iJ (M))) ist dim(M/pM) > to. 

(ii) {p S Supp Jj .(M)|xi, . . . ,x m ist Teil eines Parametersystem von i?/p} C AsSij(D(H^; i ^^(M))). 

(iii) Fiir jedes x £ R gilt Ass r (D(rI r (R))) = Spcc(i?) \ V(x). 

(iv) Ist a?i, . . . ,x m Teil eines Parametersystems von M, so gilt Assh(M) C AsSfl(D(H|^ 1 i m 
Falle m = dim(M) gilt sogar Gleichheit: Assh(M) = Ass fl (L>(H™ 1 Xm ) R { M ))) (dabei ist Assh(M) dcfinicrt 
als die Menge der hochstdimensionalen zu M assoziierten Primideale) . 

(v) Falls R komplett ist, gilt fiir jeded p £ Supp fl (M) mit dim(i?/p) = m die Aquivalenz 

p £ Assfl(D(H(™ 1 .... !:I , ?ii )7j(M))) x i, x m ist ein Parametersystem von R/p . 

Im Abschnitt 3.2 wird die Menge 

k SSR {D{nf m(R) -\R))) 

untersucht; dabei ist I (zunachst) ein beliebiges Ideal von R, wir sctzcn also nicht voraus, dass / (bis auf 
Radikal) von dim(i?) — 1 Elementen erzeugt wird. Die wichtigsten Ergebnisse sind die beiden folgenden 
Satze: 

3.2.6 Satz 

Seien (R, m) ein noetherscher lokaler d-dimcnsionaler Ring und J C R ein Ideal mit dim(i?/J) = 1 und 
Hj(i?) = 0. Dann gilt 

Assh(L>(Hj _1 (i?))) = Assh(i?) . 

3.2.7 Satz 

Seien (i?, m) ein noetherscher lokaler komplctter <i-dimcnsionaler Ring und J C R ein Ideal mit dim(i?/ J) = 1 
und R d j(R) = 0. Dann gilt 

Ass ii ( J D(H d / 1 (i?)) = {P £ Spcc(i?)| dim(i?/P) = d - 1, dim(R/(P + J)) = 0} U Assh(i?) . 

Die Beweise sind etwas technisch und beruhen, unter anderem, auf 

3.2.1 Lemma 

Seien (S, m) ein noetherscher lokaler komplctter Gorenstein-Ring der Dimension n + 1 und C S ein 
Primideal der Hohe n. Dann gilt kanonisch 

D(K%(S))=Sy/S . 

In Kapitel 4 untersuchen wir einen Spezialfall, den wie als "regularen FalF'bezeichncn: k ein Korper, R = 
k[[Xi, . . . , X n ]] eine Potenzreihcnalgebra iiber k in n Variablen und / das Ideal (X\, . . . , Xh)R von R (1 < 
h <ri). Zum Beweis von Vermutung (*) kann man sich auf den regularen Fall zuriickzichcn: 

4.1.2 Satz 

Seien (R, m) ein noetherscher lokaler komplctter Ring mit einem Koeffizientenkorper fc, I £ N + und x\, . . . , xi 
Teil eines Parametersystems von R. I := (x\, . . . ,xi)R. Seien xi + \ , . . . , Xd £ R so, dass x\,...,Xd ein 
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Parametersystem von R ist. Rq bezeichne den (ci-dimensionalen, regularen) Unterring k[[xi, . . . , Xd]] von R. 
1st Assfl c (-D(H[ a , 1 Xl )R a (Ro))) abgeschlossen unter Generalisierung, so auch AsSfl(D(H[ a , 1 Xi )r(R)))- 

In Abschnitt 4.2 behandcln wir den regularen Fall. Satz 4.2.1 fasst (im Wesentlichen) zusammen, was die 
bisher gezeigten Satze im regularen Fall bedeuten. Ein weiteres Ergebnis ist 

4.2.3 Satz 

Seien (i?o, trio) ein noetherscher lokalcr komplcttcr aquicharakteristischer Ring, dim(i?o) = n—1, k C. Rq ein 
Koemzientenkorper und h G {1, . . . , n}. Weiter seien x\, . . . , x n G R Elemente mit y/(xi, . . . , x n )R = y / mo- 
Io ■= (x\, . . . ,Xh)Ro- R := fc[[Ai, . . . ,X n ]] sei eine Potenzreihenalgebra iiber k in n Unbestimmten, I := 
(Xi, . . . , Xh)R. Der durch Xi i— » Xi (i = 1, . . . , n) festegelegte fc-Algebrahomomorphismus — > i?o induziert 
einen modul-endlichen Homornorphismus i : R/fR — ► i?o m it cinem geeigneten Primideal / von R. Wir 
setzen 

D := D(R'}(R)) . 

Dann gelten: 

(i) D hat ein / enthaltendes assoziiertes Primideal genau dann, H/ (-Ro) 7^ gilt. 

Wenn wir (zusatzlich) annchmcn, dass Rq regular ist und dass height (Jo) < h ist, so gelten: 

(ii) Es gibt keine zu D assoziiertes Primideal, dass / enthalt und die Hohe n — h hat. 

(iii) Wenn U%(Ro) ^ ist (dann ist / in einem zu D assoziierten Primideal enthaltcn), gilt dim(i?/q) > h 
fur jedes / enthaltende maximale Element in Ass_r(D). 

Aussage (iii) hangt eng mit dem Gegenbeispiel zur Vermutung (+) aus [HS1, Kapitel 0] zusammen - vgl. 
dazu den Abschnitt nach Satz 1.2.3 in dieser Zusammcnfassung. 

Abschnitt 4.3 behandelt den Fall h = n — 2 (in den Fallen h = n — 1 und h = n wurde Assr(D(Hj(R))) 
vollstandig bestimmt - vgl. Satz 4.2.1): Unter anderem zeigen wir: 

4.3.1 Korollar 

In der Situation von Satz 4.2.3 seien R regular und hcight(/ ) < n — 2 =: h. Dann gilt 

fR e Ass R (D) H^ 2 (i?o) ^ . 

Falls dieses Bedingungen zutreffen, ist fR maximal in Ass^(-D). 

Bekanntlich (vgl. [HL, Theorem 2.9) ist H™~ 2 (i?o) genau dann trivial, wenn Spec(i?o/^o) \ {nk)/Io} formal- 
geometrisch zusammenhangend ist. 

Der folgende Satz ist fur sich genommen interessant und wird sich spater (im Abschnitt 6.2: Verallge- 
mcinerung eines Beispiels von Hartshorne) als nutzlich erweisen: 

4.3.4 Satz 

Es seien k ein Korper, R = k[[Xi, . . . ,X n ]] (n > 3) eine Potenzreihenalgebra iiber k in n Variablen und / 
das Ideal (X\, . . . , X n ^ 2 )R- Ausserdem sei p G R ein Primelement mit p e / n (X n _i, X n )R. Dann ist die 
Menge 

{p e S P cc(i?)|p g As Sil (L»(Hr 2 (^)))^ e P,hcight(p) = 2} 
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uncndlich. 



Kapitel 5 behandelt die Frage: Was bedeutet es, dass em gegebenes Ideal arithmctischen Rang eins oder 
zwei hat? Unter anderem werden Kriterien fur diese Bcdingungen bewiesen. Zu Beginn jedoch prasentieren 
wir ein Beispiel, bei dem arithmetischer Rang und kohomologischc Dimension nicht iibcrcinstimmcn: 

5.1 Beispiel 

Seien k ein Korpcr und R = k[[x, y, z, w]] eine Potenzreihenalgebra iiber k in 4 Variablen. Es sei 

I := y/ (xw — yz, y 3 — x 2 z, z 3 — w 2 y)R . 

Dann gilt 

cd(I/(xw - yz)R) = 1^2 = a,r&(I/{xw - yz)R) . 
Die Hauptergebnisse in Abschnitt 5.2 sind Kriterien fur ara(7) < 1 bzw. ara(7) < 2: 

Definition 

Seien (R, m) ein noetherscher lokaler Ring und X eine Teilmenge von Spec(i?). Wir sagen, dass X Primver- 
mcidung erfiillt, wenn fiir jedes Ideal J von R die Implikation 

J Q [J P => 3p ^ X : J C p Q 

vex 

gilt. 

5.2.5 Satz (i) 

Es sei I ein Ideal in einem noetherschen lokalen Ring (R, m) mit = H/(-R) = Hf(-R) = Dann gilt: 

ara(J) < 1 Ass fl (£>(H/(-R))) erfiillt Primvermeidung . 

5.2.6 Korollar (i) 

Sei I ein Ideal in einem noetherschen lokalen Ring (R, m). Genau dann gilt ara(J) < 2, wenn ein g £ I 
existiert mit = Rf(R/gR) = R 3 (R/gR) = . . . und so, dass Ass r(D (r] (R / gR))) Primvermeidung erfiillt. 

Zu beiden Kriterien gibt es analoge Aussagen im graduierten Fall (Satz 5.2.5 (ii) und Korollar 5.2.6 (ii)), 
auch die Beweise sind analog. 

Abschnitt 5.3 behandelt subtile Unterschiede zwischen der graduierten und der lokalen Situation. 

Kapitel 6 enthalt verschiedene Anwendungcn der in den vorangehenden Kapitel entwickelten Theorie: Als 
erste Anwendung verweisen wir auf zwei neue Beweise (Satz 6.1.2 und Satz 6.1.4) des Satzes von Hartshorne- 
Lichtenbaum; der besagt bekanntlich, dass fiir cinen noetherschen lokalen komplctten Intcgritatsring ( R, m) 
und ein Ideal ICR genau dann Bf mW (i?) + gilt, wenn \fl = m ist. Der Beweis von 6.1.2 verwendct 
die Normalisierung von R und Matlis-Duale von lokalen Kohomologicmoduln; beim zweiten Beweis (6.1.4) 
verwenden wir die Tatsache, dass iiber einem noetherschen lokalen kompletten Gorenstein-Ring (S, m) mit 
dim(5) = n + 1 fiir jedes Primideal *P von S der Hohe n 
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gilt (dies ist Lemma 3.2.1); besonders bemerkenswert ist dabei wohl, dass der Beweis von 6.1.4 die Ring- 
Struktur von S<p verwendet (namlich im Beweis von Lemma 6.1.3). 

Hartshorne ([Hal, section 3]) untersuchte (im Wesentlichen) folgendcs Beispiel: Seien k ein Korper, R = 
k[[Xi, X 2l X 3 , X4]] eine Potenzreihenalgebra iiber k in vier Unbestimmten, / = (X\, X 2 )R und p = X1X4 + 
X 2 X 3 £ R. Dann ist Supp iJ (Hf (R/pR)) = {m}, aber R 2 j(R/pR) ist nicht artinsch als ii-Modul. In Abschnitt 
6.2 der vorlicgcnden Arbeit zeigen wir zunachst, dass D(Uj(R/pR)) uncndlichc viclc assoziierte Primideale 
hat; somit ist llj(R/pR) nicht artinsch. Mit anderen Worten: Die Untersuchung der assoziierten Primideale 
von D(lij(R/pR)) fiihrt zu einem einfachen Beweis der Tatsache, dass H^R/pR) nicht artinsch ist. Dicsc 
Idee wird nun verallgemeinert zu: 

6.2.3 Satz 

Seien k ein Korper, n >, R = k[[Xi, . . . , X n }], I = (X\, . . . , A„_ 2 )i? und p ein Primelement in R mit 
p £ (X n _\,X n )R. Dann ist 

nicht artinsch. 

Auch Marley und Vassilev ([MV, theorem 2.3]) haben Hartshornes Beispiel verallgemeinert; man kann [MV, 
theorem 2.3] und Satz 6.2.3 nur in cincm Spczialfall vergleichcn: Dies machen wir in Bcmcrkung 6.2.5 und 
erhalten als Ergebnis, dass (in diesem Spczialfall) Satz 6.2.3 mit schwacheren Voraussetzungen auskommt 
als [MV, theorem 2.3]. 

Im Abschnitt 6.3 ist (i?,m) ein noetherscher lokaler Ring. Ist nun I = (x\, . . . ,Xi)R C R ein Ideal, das 
mengentheoretisch vollstandigcr Durchschnitt ist (im Sinnc von hcight(J) = i), so ergibt sich sofort H}(R) ^ 
0, z. B. indem man lokalisicrt. Hauptergcbnis in 6.3 ist nun eine gewisse notwcndigc Bcdingung fur R}(R) ^ 
0: 

6.3.1 Satz (partiell) 

Seien (i?, m) ein noetherscher lokaler kompletter Integritatsring, der einen Korper k cnthalte und x\, . . . ,x% £ 
R (i > 1) cine Folgc in R. Bezeichne i?o den Unterring k[[xi, . . . ,Xi\] von R. Dann gilt die Implikation 

H}(i?)^o=^i?ng(i? ) = i?o 

(dabei ist Q(Rq) der Quotientenkorper von Rq und die Durchschnittsbildung ist in Q(R) gemeint). 

Uber gewissen Ringen (z. B. kompletten Cohen-Macaulay Ringen) gibt es eine Korrespondenz zwischen Ext- 
Moduln auf der einen und lokalen Kohomologiemoduln auf der anderen Scitc; diese wird als lokale Dualitat 
bezeichnet, vgl. dazu etwa [BS, section 11]. Allc in dieser Korrespondenz vorkommenden lokalen Koho- 
mologiemoduln haben m als Tragerideal. In Abschnitt 6.4 verallgemeinern wir dieses Prinzip auf beliebige 
Ideale: 

6.4.1 Satz 

Seien (R, m) ein noetherscher lokaler Ring, ICR ein Ideal, h £ N mit 

H l j(R) ^ <=> I = h 
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und sei M ein i?-Modul. Dann gilt fiir jedes i G {0, . . . , ft} kanonisch 

Ex4(M,£»(H?(ii))) = £>(H?- i (M)) . 

Die nachfolgende Bemerkung 6.4.2 zcigt, dass Satz 6.4.1 wirklich eine verallgemeinerte lokale Dualitat ist. 

In Abschnitt 7.2 zcigcn wir, dass D(R l I (R)) eine kanonische D-Modul-Struktur hat; damit ist folgendes 
gemeint: Seien k ein Korper und R — k[[Xi, . . . , X n ]] eine Potenzreihcnalgebra iibcr k in n Unbestimmten. 
Sei 

D(R, k) C End fc (i?) 

der (nicht-kommutative) Unterring, der von alien Multiplikationen mit alien Elementen aus R und alien k- 
lincarcn Dcrivationcn crzcugt wird. D := D(R, k) wird als Ring der fc-lincarcn Derivationen auf R bezeichnet. 
(Links-)-D-Moduln im Zusammcnhamg mit lokaler Kohomologic wurden in [Lyl] studiert; darin wurde auch 
gezeigt, dass (in sehr allgemeinen Situationen) lokale Kohomologiemoduln eine kanonische (Links-) D-Modul- 
Struktur tragcn. Wir zeigen nun (in 7.2), dass fiir jedes Ideal I C R = k[[X\, . . . ,X n ]] und fiir jedes i G N 
auch 

eine kanonische (Links-)-D-Modul-Struktur hat; weiter zeigen wir, dass £)(H}(i?)) als D-Modul im Allge- 
meinen nicht endlich erzeugt ist, insbcsondere nicht holonom (siehe [Bj, sections 1,3] fiir den Begriff der 
holonomen D-Moduln). 

Seien (R,m) ein noetherscher lokaler Integritatsring und x\, . . . , Xi € R (i > 1). In zahlreichen Situationen 
(vgl. etwa Satz 3.1.3 (ii)) gilt dann 

{0} g Aaa R (D{H\ Xl ^ iXi)R {R))) 

(sogar immer falls HL 1 x ar(R) 0> wcnn Vermutung (*) zutrifft). Es ist natiirlich, nach der Q(R)- 
Vcktorraum-Dimension von 

zu fragen (dies ist eine sogenannte Bass-Zahl von D(H( Xi x )r(R)))- Es zeigt sich, dass diese Dimension 
im Allgemeinen nicht endlich ist; genauer gilt: 

7.3.2 Satz 

Seien k ein Korper und R = k[[X±, . . . , X n \] eine Potenzreihcnalgebra iiber k in n > 2 Unbestimmten, 
1 < i < n und I das Ideal (X\, . . . , Xi)R von R. Dann ist 

dim Q{R) (D(E i I (R))® R Q(R))=oc . 

In Abschnitt 7.4 untersuchen wir Moduln der Form R l }(D{H. l }(R))). Das Hauptergebnis ist 

7.4.1 Satz und 7.4.2 Satz (Spezialfall) 

Seien (_R, m) ein noetherscher lokaler kompletter regularcr Ring der Aquicharakteristik Null, / C R ein Ideal 
der Hohe h > 1 mit H/(i?) = (Z > ft); weiter sei x = x\, . . . , Xh eine i?-regulare Folge in /. Dann ist 

H?(I>(H?(fl))) 
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entweder gleich Null oder isomorph zu Efl(-R/tn). Im Falle / = (xi, . . . ,Xh)R trifft letzteres zu, i. e. 

H?(I>(H?(i2))) = E R (R/m) . 

In den Abschnitten 8.1 und 8.2 werden sogenannte "attached" Primideale studiert, und zwar im Hinblick 
auf lokale Kohomologiemoduln; 8.1 versammclt zahlrcichc grundlcgcndc (und teilweise naturlich bekannte) 
Eigenschaften von "attached" Primidcalcn, 8.2 cnthalt unsere Ergebnisse, d. h. Informationen uber "at- 
tached" Primideale von lokalen Kohomolicmoduln. Schon in 8.1 zeigt sich ein enger Zusammenhang zwischen 
assoziierten den assoziicrtcn Primidealen vom Matlis-Dual eines i?-Moduls M einerseits und den " attached" 
Primidealen von M andererseits. Hier eine Auswahl unscrer Ergebnisse: 

8.2.1 Satz 

Seien (i?, m) ein noetherscher lokaler Ring und M ein endlich erzeugter n-dimensionaler i?-Modul. Dann gilt 

Att K (H; l (M)) = {p e Ass R (M)\ cd(o, R/p) = n} . 

Dies war ursprunglich ein Ergebnis von Dibaei und Yassemi ([DY, Theorem A], vgl. auch [MS, theorem 
2.2]); hier wird es mit anderen Methoden bewiesen. Neue Ergebnisse sind 

8.2.3 Satz 

Es sei (R, m) ein noetherscher lokaler d-dimensionaler Ring. 

(i) 1st J ein Ideal von R mit dim(i?/J) = 1 und uj(R) = 0, so gilt 

Assh(i?) C Att fl (Hj _1 (i?)) • 
1st R (zusatzlich) komplctt, so gilt sogar 

Att jR (Hj _1 (i?)) = {p£ Spec(i?)| dim( J R/p) = d - 1, \/p + J = m} U Assh(i?) . 

(ii) Fiir jede Folge x\, . . . , Xi in R gilt 

{p € Spec(i?)|xi, . . . ,Xi ist Teil eines Parametersystems von R/p} C Attij(HL li ... ;X .) J j(ii)) • 

8.2.4 Korollar 

Sei (R, m) ein noetherscher lokaler Ring. Dann gilt fiir jedes x e R 

Att fl (Hifl(i2)) - S P ec(i?) \ V(x) . 

Die weitere Untersuchung zeigt, dass ein Ergebnis aus Abschnitt 8.1 (namlich Satz 8.1.13) als zusatzlichc 
Evidenz fiir unsere Vermutung (*) aufgefasst werden kann; die Details dazu sind etwas technisch - vgl. 
Bemerkung 8.2.6 (iii) {(). 

Es gibt eine Theorie der lokalen Homologie ([Tl], [T2]); diese ist in gewisser Weise dual zur lokalen Ko- 
homologietheorie. Seien (R, m) ein noetherscher lokaler Ring, x = x\,...,x r cine Folge in m und X ein 
artinscher i?-Modul. Dann ist der i-te lokale Homologicmodul Hf (X) von X bcziiglich x definiert als 



<s<s 



wobei K,(xi, . . . , x™; X) der Koszul-Komplcx von X bcziiglich x™, . . . , x™ ist und wobei Hi fur die i-te Ho- 
mologie dieses Komplexes stcht. Man bcachtc, dass dicsc Homologicn bcziiglich n in nahelicgender Weise 
ein projektives System bilden. Es ist leicht zu sehen, dass Hj ein i?-linearer kovarianter Funktor von der 
Kategorie der artinschen i?-Moduln in die Kategorie der i?-Moduln ist. Den Begriffen der (Krull-) Dimension 
und der Tiefe (von noetherschen, also endlich erzeugten Moduln) entsprechen hier die Begriffe der noether- 
schen Dimension N.dim(A) und der Weite width(X) eines artinschen i?-Moduls X: Fiir X = sctzt man 
N.dim(A) = —1, andernfalls bezeichnet N.dim(A) die kleinste Zahl r <G N, zu der x\, . . . , x r £ m mit 

lcngth(0 : X(x\, . . . , x r )R) < oo 

existieren. Eine Folge x = xi,...,x n £m heisst X-koregular, wenn fiir jedes i = 1, . . . , n 

(0 : X(xi, . . .,Xi-i)R) ^ (0x(a;i, . . .,Xi-i)R) 

surjektiv ist. width(X) ist dcfiniert als die Lange (irgend)cincr maximalen X-koregularen Folge. [Oo] und 
[Ro] sind Refcrenzen fiir diese Begriffe. Allgemcin gilt 

width(X) < N.dim(X) < oo 

fiir jeden artinschen i?-Modul X; man nennt X ko-Cohen-Macaulay, wenn width(X) = N.dim(X) gilt. 

Sei M ein endlich erzeugter Cohen-Macaulay i?-Modul. Dann ist Hl' m ' M '(M) ko-Cohen-Macaulay mit 
N.dim(Hm m(M) W) = dim(M) ([Tl, Proposition 2.6]). Ausserdcm gilt 

H^(Hr (M) (M)) = M 

(wobei Xi, . . . , Xd ein Parametersystem fiir M sei). Seien nun X ein artinscher i?-Modul mit N.dim(X) = d 
und x = xi, . . . , Xd € m so, dass (0 :x x) endliche Lange hat. Tang stent die Frage nach der endlichen Erzeug- 
barkeit von H§(X) ([Tl, Remark 3.5]). Wir zeigen zunachst mit einem Gegenbeispiel (8.3.1), dass diese 
Antwort negativ zu beantworten ist; die anschlieBcnde Bcmcrkung 8.3.2 beantwortet - untcr zusiitzlichcn 
Vorausstzungen - die Frage dann vollstandig: 

8.3.2 Bemerkung 

Seien (R, m) ein noetherscher lokaler regularer d-dimcnsionalcr Ring, X ein artinscher ko-Cohen-Macaulay 
i?-Modul mit N.dim(A) = d und i = ii,.,.,i l j£iiiso, dass (0x(xi, . . . , Xd)R) endliche Lange hat. Dann 
gilt 

H§ (X) ist endlich erzeut als i?-Modul R ist komplett. 

In einer allgemeineren Situation gilt 

8.3.3 Satz 

Seien (i?, m) ein noetherscher lokaler kompletter Ring und X ein artinscher i?-Modul mit N.dim(A) = d; 
seien n,...,ijeniso, dass (0 :x (xi, . . . , Xd)R) endliche Lange hat. Dann ist H§ (A) als i?-Modul endlich 
erzeugt. 

Aus Satz 8.3.3 zusammen mit [Tl, Remark 3.5] folgt leicht 
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8.3.4 Korollar 

Seien (R, m) ein noetherscher lokaler kompletter Ring und X ein ko-Cohen-Macaulay i?-Modul, N.dim(X) = 
d; seien x\,...,Xd € m so, dass (0 : X(x\, . . . ,Xd)R) endlichc Lange hat. Dann ist Hj 1 '"'' a:<i (-X') Cohen- 
Macaulay (insbesondere endlich erzeugt). Im Falle d = dim(i?) ist also H ! * [ 1 '"'' Xd (X) ein maximaler Cohen- 
Macaulay i?-Modul. 

Nun ordnen wir jedem endlich erzeugten i?-Modul M ordnen wir den (artinschen) i?-Modul 

F 2 {M) = nt m(M) {M) 
und jedem artinschen i?-Modul Aden (endlich erzeugten, 8.3.3) i?-Modul 

G 2 (X) = H xl '-' XNdi »( x )(X)) 

zu. F 2 bzw. G 2 induzieren Abbildungcn von der Menge der Isomorphicklassen aller noethcrschen in die 
Menge der Isomorphicklassen aller artinschen Moduln bzw. umgekehrt. Auf der anderen Seite induziert 
auch der Matlis-Dualitatsfunktor D Abbildungcn zwischen diesen beiden Mengen. Eine Untersuchungen der 
Beziehungen zwischen diesen vier Abbildungcn (Anmerkungen nach 8.3.4 und Satz 8.3.5) liefert das Ergebnis 

8.3.6 Korollar, Aussage (ii) 

Seien (R, m) ein noetherscher lokaler kompletter Ring und I ein Ideal von R mit I C Ann^(M), dim(i?/7) = 
dim(M) und so, dass R/I Gorenstein ist. Dann gilt 

M ist Cohen-Macaulay => Hornfj(M, R/I) ist Cohen-Macaulay. 

Unterabschnitt 8.4 ist eine weitere Anwendung des Zusammenspiels der weiter oben erwahntcn vier Abbil- 
dungen. Wir definieren zuniichst den Begriff einer Cohen-Macaulayfizierung: 

8.4.1 Definition 

Seien (R, m) ein noetherscher lokaler kompletter Ring und M ein endlich erzeugter ii-Modul. Ein Obcrmodul 
M von M heisst Cohen-Macaulayfizierung von M, wenn folgende drei Bedingungen geltcn: 

(i) M ist Cohen-Macaulay. 

(ii) dim(M) = dim(M). 

(hi) dim(M/M) < dimM-2 (diese Bedingung ist Equivalent zu Hm m(M)_1 (M/M) = Hm im(M) (M/M) = 0). 

8.4.2 Satz 

Jede Cohen-Macaulayfizierung von M (falls existent) ist zu {G 2 o F 2 )(M) isomorph. 

In [Go] wird ein anderes Konzept des Begriffes "Cohen-Macaulayfizierung" verwendet. Unser Begriff ist 
eine Verallgemeinerung dieses Konzeptes (siehe Bemerkung 8.4.3 und Satz 8.4.5 in der vorliegenden Arbeit). 
Abschliefiend behandcln 8.4.6 und 8.4.7 (einfache) Beispiele von Cohen-Macaulayfizierungen. 
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